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Abstract. Loewner Theory, based on dynamical viewpoint, is a powerful tool in Com- 
plex Analysis, which plays a crucial role in such important achievements as the proof of 
famous Bieberbach's conjecture and well-celebrated Schramm's Stochastic Loewner Evo- 
lution (SLE). Recently Bracci et al [inillllllS] have proposed a new approach bringing 
together all the variants of the (deterministic) Loewner Evolution in a simply connected 
reference domain. We construct an analogue of this theory for the annulus. In this pa- 
per, the first of two articles, we introduce a general notion of an evolution family over a 
system of annuli and prove that there is a 1-to-l correspondence between such families 
and semicomplete weak holomorphic vector fields. Moreover, in the non-degenerate case, 
we establish a constructive characterization of these vector fields analogous to the non- 
autonomous Berkson- Porta representation of Herglotz vector fields in the unit disk [10] . 
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1. Introduction 



1.1. Loewner Theory. In recent years, there has been a drastic growth of interest in the 
dynamical aspects in Complex Analysis. Most of all, this applies to the so-called Loewner 
Theory, dealing with the semigroup Hol(ro, of all holomorphic self- maps of the unit 
disk © := : \z\ < 1}. 

The core of modern Loewner Theory resides in the connection and interplay of the 
following three basic notions: 

- Herglotz vector fields G : D x [0, +oo) — )■ C, which are semicomplete time-dependent 
holomorphic vector fields in the unit disk D and can be described as integrable families 
{Gt)t>o of infinitesimal generators of one-parametric semigroups in Hol(D,D); 

- Evolution families {<fs,t)t>s>o, which can be characterized as non-autonomous holo- 
morphic semiflows generated by Herglotz vector fields; 

- Loewner chains {ft)t>o, which are one-parametric families of univalent functions 

: D — )■ C with expanding systems of image domains ft{^)- Any Loewner chain 
satisfies a linear PDE, known as (generalized) Loewner - Kufarev PDF, driven by a 
Herglotz vector field. The corresponding evolution family ips^t '■= ff^ ° fs can be 
obtained by solving the characteristic equation for this PDE. 

There is an essentially one-to-one correspondencehetween Herglotz vector fields, evolution 
families, and Loewner chains. 

Classical Loewner Theory originated from the so-called Parametric Representation of 
univalent functions proposed in 1923 by C. Loewner [31] and developed further by a num- 
ber of specialists in Geometric Function Theory, among which we would like to mention the 
fundamental contributions of Kufarev [27] and Pommerenke [3^, [371 Ch. 6]. In the case 
which they considered, and which is usually referred in modern literature to as the ( classi- 
cal) radial case, a Loewner chain is a family of univalent functions ft{z) = e^z-\-a2(t)z'^-\-. . ., 
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2; G D, such that fs(J^) C ftij^) whenever t > s. A (classical radial) Herglotz vector field 
is of the form G{w,t) := —wp{w, t), where p is holomorphic in 2; G D, measurable in t > 0, 
and satisfies conditions p(0, t) = 1 and lie p{w, t) > for all 2; G © and a.e. t > 0. For any 
holomorphic vector field of this form there exists a unique classical radial Loewner chain 
(ft) such that [s, +00) 9 t H- y:>s,tiz) := f^^ o fs{z) solves, for any z E B> and s > 0, the 
Loewner - Kufarev ODE w = G{w,t) with the initial condition w\t=s = z. The converse 
is also true: any classical radial Loewner chain is a solution to the Loewner - Kufarev 
PDE dft{z)/dt = —f'{z)G{z,t) driven by some classical radial Herglotz vector field G, 
while the evolution family {<fs,t) corresponding to (ft) solves the Loewner -Kufarev ODE. 
Moreover, the Loewner chain (ft) can be reconstructed via its evolution family {y:>s,t) by 
means of the formula fs = limt_^4.oo eVs,t- 

This relation between G, {ft), and {^Ps,t) provides a representation of the class S of all 
normalized holomorphic univalent functions in D, since any JqES can be embedded as 
an initial element into a classical radial Loewner chain [37| Th. 6.5 on p. 159], [2JJ. This 
representation was one of the main tools in proof of the famous Bieberbach conjecture, 
given by de Branges [T3] . 

A similar representation, designated in modern terminology by the attribute chordal, 
was proposed by Kufarev and his students for holomorphic univalent self-maps of the 
upper half-plane with the hydrodynamic normalization at the point of infinity [28j; see 
also references cited in [T71 p. 543-544]. 

Komatu [21] was the first who was able to apply Loewner's ideas for parametric 
representation of univalent functions in the annulus. His approach was developed by 
Goluzin [20], Li En Pir [33], Lebedev [32], and Gutljanskii [22j. More general cases of 
Loewner Evolution in multiply connected context were studied in [26] and by an essen- 
tially different method in [30| HI] . The monograph [3] contains a self-contained detailed 
account on the Parametric Representation both in simply and multiply connected cases. 

Until the last decade the attention of specialists in Loewner Theory was mainly paid 
to the radial case in the unit disk, first of all because of its applications in the study of 
the class S and its subclasses. The significance of the chordal Loewner Evolution as well 
as the Loewner Evolution in multiply connected domains was apparently underestimated. 
However, nowadays the Parametric Method, invented by Loewner to study the Bieberbach 
conjecture, has gone far beyond the scope of the original problem, and the distribution of 
active interest in various aspects of the theory has been changed. The most spectacular 
evidence of this fact is the well-celebrated Stochastic Loewner Evolution (SLE) invented 
in 2000 by Schramm [31]. It appears that the chordal Loewner - Kufarev equation driven 
by the Brownian motion is intrinsically related to several important lattice models in 
Statistical Physics, such as critical Ising model. We refer interested readers to [SI]. For 
a wider discussion on connection of deterministic and stochastic Loewner Evolutions to 
Conformal Field Theory and Integrable Systems see [35] and references cited there. 
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To conclude, we would like to mention the survey paper [2] that covers the basics of the 
classical and modern Loewner Theory, its history, recent development and applications. 

1.2. Problem definition and main results. Recently Bracci and the first two authors 
of this paper [ini introduced a new general approach in Loewner Theory in the unit 
disk, which unifies, and contains as very special cases, both chordal and radial Loewner 
Evolutions. This approach is based on a general intrinsic notion of evolution family in © 
(see Definition 13. ip . which can be viewed as non-autonomous generalization of continuous 
one-parametric semigroups in Hol(D, D). Further developments in this direction can be 
found in [121 El IIHI [H] . In this paper we address the following 
Problem: to construct a general Loewner Theory in the annulus. 

Our motivation is based on two reasons. Firstly, although this abstract approach was 
generalized to arbitrary finite-dimensional complete hyperbolic complex manifolds O [11] , 
applying it directly to any multiply connected hyperbolic Riemann surface D which is 
not conformally equivalent to the punctured disk D* := D \ {0} would lead to a quite 
trivial theory, because the connected component of V\o\{D,D) containing ido coincides 
with the group of rotations if D is doubly connected, or consists of id/) only otherwise 
(see, e.g., jU §1.2.2]). It follows that in order to develop an interesting substantial theory 
for multiply connected case, instead of a static reference domain or Riemann surface D one 
has to consider a one-parametric family {Dt)t>o of reference domains admitting existence 
of injective holomorphic mappings ips,t '■ ^ Dt homotopically equivalent to the identity 
for any s > and any t > s. In doubly connected case it leads to a family of expanding 
annuli Dt = Ar(t) '■= {z : r(t) < \z\ < 1}, where r : [0, -|-cxd) — )■ [0,1) is non-increasing 
and continuous. The first who implemented this idea was already Komatu ^24], but up 
to our best knowledge all the previous studies of Loewner Evolution in doubly and, more 
generally, multiply connected domains deal only with some special cases. 

The other reason is the recent boost of interest in Loewner Theory as a whole as well as 
to its variants for multiply connected domains. As an illustration, we cite papers P-I5|ll^ 
extending the notion of SLE to multiply connected case. 

The study we present here is intended to be the first of two papers on the problem stated 
above; it contains the theory of evolution families and semicomplete weak holomorphic 
vector fieldH, while Loewner chains will be considered in another paper. 

In Section m we introduce a notion of evolution family over a canonical domain system 
of annuli (see Definitions 14. II and 14. 3p . analogous in a certain sense to that proposed in [10] 
for the unit disk, and establish some basic properties of these evolution families. 

In Section 13 we discuss relationship between evolution families and Caratheodory ODEs. 
In particular, we prove that there is a 1-to-l correspondence between the evolution fami- 
lies we have introduced and semicomplete weak holomorphic vector fields. More precisely. 



The class of semicomplete weak holomorphic vector fields in D conincides with that of Herglotz vector 
fields. However, we prefer to avoid using the term Herglotz vector field in doubly connected context. 
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every evolution family [{Dt),{'~Ps,t)) of order d G [l,+oo] can he described as the non- 
autonomous semiflow of some semicomplete weak holomorphic vector field G of order d 
in V := {{z,t) : t > 0, z ^ Dt}. Conversely, every such semiflow constitutes an evolution 
family. See Theorem 15.11 and Definitions 12.11 and 12.51 for the exact formulation. 

Further, in Theorem 15.61 we establish, for the case when all the annuli Dt are non- 
degenerate, a constructive characterization of semicomplete weak holomorphic vector fields 
in T) analogous to the non-autonomous version of the Berkson- Porta representation 
Theorem 4.8], which characterizes Herglotz vector fields in the unit disk. 

A part of our proofs rely on lifting evolution families from a system of annuli to a 
simply connected domain D. This technique, together with some new results on evolution 
families in is developed in Section |31 

Moreover, we include auxiliary Section |5] on Caratheodory differential equations driven 
by weak holomorphic vector fields. The first part contains standard facts about solutions 
to such ODEs which we regard as known. However, we include a sketch of the proofs, 
because up to our best knowledge, no literature gives a direct proof of these results 
formulated exactly as we need. The second part is devoted to the case of the ODEs which 
are semicomplete to the right. It contains an exact characterization of the solutions, which 
is applied later to prove Theorem 15.11 

In Section E] we consider a number of examples. In particular, we prove that, in contrast 
to the simply connected case, an evolution family over a system of annuli can share any 
finite number of fixed points. 

Finally, in Section [7] we discuss shortly how our results are related to the achievements 
of Komatu, Goluzin, Li En Pir, and Lebedev. 

2. Holomorphic Caratheodory differential equations 

In this section we obtain a characterization of solutions to Caratheodory ordinary dif- 
ferential equations driven by holomorphic vector fields. 

Let ii^ C M be a non-empty interval, bounded or unbounded, and consider a connected 
relatively open subset V of the set Cx E. We fix E and V throughout this section. In this 
paper we apply the results of this section for the case E := [0, +oo) and V := 3x [0, +oo) 
or V := {{z,t) : t > 0, < |z| < r{t)}, where r : [0, +oo) — )■ [0, 1) is non-increasing and 
continuous. However, we prefer to consider the general case, which might be useful for 
further studies and at the same time does not require any substantial modification of the 
argument. 

By y4C"^(X, y), where X C M and d G [l,+oo], we denote the class of all locally 
absolutely continuous functions f : X ^ Y such that the derivative /' belongs to Ly^^{X). 
Further, denote by D{zo,r), where r > and Zq G C, the disk {z : \z — Zo\ < r}, and let 
© := D{0, 1) and T := dB. 

2.1. Weak holomorphic vector fields and Caratheodory ODEs. Caratheodory's 
theory of ODEs is a well-established area of Analysis, see e.g. [151 §11-1]) [13 §1-1]) [211 
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Ch. 18], or |3Hl §VIII.8]. The facts we state below can be regarded as well-known. However, 
these results do not seem to be proved earlier in the literature directly and explicitly in 
the form that our context requires. That is why we prefer to sketch the proofs. 
We start by introducing the class of vector fields we deal with. 

Definition 2.1. Let d G [1, +oo]. A function G : P — )• C is said to be a weak holomorphic 
vector field of order d in the domain V, if it satisfies the following conditions: 

WHVFl. For each z G C the function G{z, ■) is measurable in := {t : {z,t) G V}. 
WHVF2. For each t e E the function G{-,t) is holomorphic in A := {z : {z,t) G V}. 
WHVF3. For each compact set K G V there exists a non- negative function G L'^(pr]jj(fr), M), 
where Wr{K) := {t e E : 3z eC {z,t) e K}, such that 

\G{z,t)\ < kK{t), for all {z,t) G K. 

Remark 2.2. It is easy to see that condition WHVF3 in Definition 12. II is equivalent to 

WHVF3' For any closed disk B G C and any compact interval I G E such that B x I G V 
there exists a non-negative function ksj G L'^(J,M) such that \G{z,t)\ < ksjit) for 
all t G / and all z & B. 

Given a weak holomorphic vector field G in V and a point {z, s) G V, let us consider 
the following initial value problem for a Caratheodory ODE 

(2.1) w = G{w,t), w{s) = z. 

Problem (12. ip is equivalent (see, e. g., |19l §1.1]) to the integral equation Clw = w, where 

(2.2) {Clwm:=z + I^G{w{0,Od^ 

is well-defined for any continuous function w : J ^ C such that J C -E is an interval, 
s G J, and {w{t),t) G V for all t e J. 

Theorem 2.3. Let G be a weak holomorphic vector field in V of order d G [1, +oo]. Then 
the following statements hold: 

(i) For any {z, s) G V, the initial value problem (12. ip has a unique non-extendable 
solution t i-T- wl{z^t). In other words, there exists an interval J^{z,s) G E, s E 
J^{z, s), and a solution wl{z, ■) to the problem (12. ip defined in J^{z, s) such that any 
other solution t y-^ Wo{t) to (12. ip is a restriction of wl{z, ■). 

(ii) For any {z,s) G V the non- extendable solution wl{z,-) belongs to y4C"^( J*(z, s), C) . 

(iii) For any {z,s) G T) there exists no compact set K G T) such that {(w*(z,t), t) : t G 
J^{z, s), t > s} G K unless sup J*{z, s) = sup E. 

(iv) For any {zq, sq) G V and any to ^ J*{zo, Sq) there exists e > such that to £ J*{z, Sq) 
whenever \z — zq\ < e. Moreover, the function z wl^{z,tQ) is holomorphic and 
injective in D{zo,e). 
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(v) For any {zo,So) G V and any to G J^{z(),So) there exists e > such that the 
mapping {z,s,t) h-> w*{z,t) is well-defined for all {z,s,t) G f/(e) := {{z,s,t) : 
z G D{zQ,e), s,t ^ E,\t — to\ < e, |s — SqI < e}. Moreover, this mapping is continu- 
ous at the point {zo,So,tQ). 

First we prove the following lemma. 

Lemma 2.4. Let G : V ^ C be a weak holomorphic vector field of order d G [1, +oo] 
and K dV a compact set. Suppose I C E is a compact interval and B := D{zo, 2R) is a 
closed disk such that B x I G K . Then for any s G / the following assertions hold: 

(a) for each z G D{zq,R) and each sufficiently small interval J G I , J 3 s, there exists 
a unique solution J 3 t Ws{z,t) to the initial value problem f l2.ip .- 

(b) for each z G D{zo,R) the solution to (12. ip can be continued all over the interval 
Jh{s) := {s — h, s -\- h) n I, where h = h{G, K,R) > is a constant independent of I, 
s, and z; 

(c) for each t ^ the function Ws{-,t) is holomorphic in D{zq,R). 
Moreover, 

(d) the mapping {z, s, t) h-> Ws{z, t) is continuous on A := {{z, s,t) : z E D{zq, R), s,t E I, 
\s -t\ < h}. 

Proof. First of all let us note that, since K G V is compact, there exists 6 > such that 

U (:dm) X {t}) cc V. 

{z,t)&K 

Then the argument of the proof of [TOl Lemma 4.2] can be easily adapted to show that 
there exists a non-negative function k-K G L'^(pr]g(i^'), M) depending only on G and K 
such that 

(2.3) \G{z2,t) -G{zi,t)\<kK{t)\z2- zi\ whenever (^i, t), (^2, t) e /sT. 

Choose any a G (0, 1). There exists h > that fulfills the following two conditions: 



(2.4) 



(2.5) 



< R whenever sA G I and \t — s\ < h, 



< a whenever s, t G / and \t — s\ < h. 



By C{X,Y) let us denote the class of all continuous functions from X to Y. Fix any 
s G /. Given an interval J G Jh{s) with s G J, from (12.31) - (12.51) it follows easily that for 
any z G D{zo, R), the operator given by (12.20 . is a contracting self-mapping of C( J, B) 
endowed with the Chebyshov metric p{w2,wi) := sup^gj \w2it) — wi{t)\. The metric space 
M := (C( J, B), p) is complete. Hence the Banach fixed point theorem implies statements 
(a) and (b) of the lemma. 
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The proof of (d) is similar. The operator £, defined by the formula (^Cw^{z,t; s) := 
(^Clw{z, ■; s)){t), is a contractive self-mapping of C{A,B) endowed with the metric 
p{w2,wi) := snp(^^^g^^^^j^\w2{z,t; s) — Wi{z,t; s)\. The metric space M = [C{A,B),p) is 
complete. Hence it contains a solution to the equation Cw = w, which, in virtue of (a), 
has to coincide with A 3 {z, s,t) i— )■ Ws{z,t). This proves (d). 

We are left with statement (c). Clearly, it is sufficient to show that C maps into itself 
the closed subspace Mhoi of M consisting of all maps from M which are holomorphic in z. 

So consider any w G Mhoi. Fix an arbitrary {z,s,t) G A. For all ^ G Jh{s) and all 
u eU := D{0,{R- \z-zo\)/2) \ {0} we have 

G{wiz + u, s), - G{wiz, s),^) 



(2.6) 



OJ 



<CkK{0 



with some constant G = G{z) > not depending on u and C,- Here we combined f l2.3p 
with the fact that the family |w(-,^;s) : ^ G Jhis)} is normal in D{zq,R) and hence the 
mapping (u,^) t-)- (^w{z + w, ^; s) — w{z,C,; s)) /u is bounded on U x Jh{s). 
By construction, 

^2 7^1 {z + u , t- s) - [Cw] {z, t; g) _ ^ , 



^ I" Gjwjz + u, e; s),^)- Gjwjz, e; s),^) 

From (12. 6 p it follows that we can apply Lebesgue's dominated convergence theorem to 
conclude that there exists a finite limit of the integral in (12. 7p as a; — >■ 0. Thus (£w)(-, t; s) 
is differentiable in the complex sense in D{zq,R). This completes the proof. □ 

Proof of Theorem 12.31 Assertion (a) of Lemma 12.41 implies that for any {z, s) E V 
there exists a unique local solution to (12. ip . Thus statement (i) of the theorem follows in 
the same way as in the classical theory of ODEs. 

Fix now any {z, s) G P and take an arbitrary compact interval / C J*(;z, s). By condition 
WHVF3 with K := [{wl{z,^), ^) : ^ G /}, for any ti,t2 e / such that ti < t2 we have 



Wl{z,t2) - W*Az. 



ti)\< ['\G{w:iz,0,^)\d^< f'kKiOd^, 
Jti Jti 



where kx G L'^{I,M.) and does not depend on ti and t2. This proves statement (ii). 

Let C I' be any compact set. Then there is another compact set Ki (Z T> and 
constants i? > and 5 > such that D(z,2R) x (^[s — 5, s + 5] D E) C Ki whenever 
{z,s) G K. We claim that any solution J 3 t ^-^ w^it) to the equation w = G{w,t) such 
that (wo(t), t) G K for all t G J, is extendable to a neighborhood of t* := sup J provided 
t* < sup E. Indeed, by assertion (b) of Lemma l2.4l applied with Ki substituted for K, there 
exists Si G [0,6] such that for any s G J the initial value problem (12. ip with z := Wo{s) 
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has a solution defined on the interval {s — 6i,s + 6i) (1 E. In view of the uniqueness of 
solution to (12. ip . this proves our claim, which, in its turn, implies statement (iii) of the 
theorem. 

Let us prove statement (iv). For simplicity we may assume that to > ^o- Let J := [sq, to]- 
Taking wq := w*^{zo, and K := {(wo(t),t) : t G J} in the above argument and using 
assertion (c) of Lemma 12.41 we can conclude that there exists a finite increasing sequence 
(sj)"^o starting with So and finishing with s„ := to such that for each j = 1, . . . ,n the 
function w*^__^{z,t) is well-defined and holomorphic in z for all t & Ij := [sj-i,Sj] and all 
z G D{wo{sj^i), R). Since w*^__^(^Wo{sj^i), Sj) = Wo{sj), there exists e > such that the 
composition f{z) := w*^__^{-, s„) o . . . ot(;*^(-, S2) oiy*^(-, si) is well-defined and holomorphic 
in D{zo,e). It follows that w*^{-,to) is also well-defined in D{zo,e) and coincides there 
with /. The fact that w*^{-,tQ) is injective follows from the uniqueness of the solution in 
the same way as in the classical theory of ODEs. 

We are left with the proof of statement (v). By statement (iv) the map w*^{-,to) is 
defined in D{zq, e) and is continuous at the point zq. It follows from assertions (b) and (d) 
of Lemma[23]that there exists ei > such that the map {z, s) Ws{z, so) is well defined in 
Oi;-i^{zo, Sq) := {{z,s) : — -2o| < £^1, |s — So| < £1, s G E} and continuous at {zo,So). Hence 
the map {z, s) ^-^ f{z,s) := w*^ {wl{z, so), to) is well-defined in Os^{zo, sq) for some €2 > 
and continuous at the point {zo,So). Denote Co '■= w*^{zQ,tQ). Again by assertions (b) 
and (d) of Lemma [2^ the map (C,^) ^ 'f^tgiCy^) well-defined in Os^{Co,to) for some 
£3 > and continuous at (Co^^o)- Thus the map {z,s,t) 1— )■ g{z,s,t) := w^^{f{z,s),t) is 
well-defined in [/(e) for some e > and continuous at the point {zq, so,to). To finish now 
the proof it remains to notice that g is a restriction of the mapping {z, s, t) t— )■ w*{z, t). □ 

2.2. Semicomplete weak holomorphic vector fields and families of holomorphic 
functions generated by them. In this section we consider weak holomorphic vector 
fields G for which the solution to the initial value problem (12. ip exists globally to the 
right. Our proofs take advantage of the methods used in [lOl |Tl], [121 [II]- Without loss of 
generality we adopt the following 

Assumption. For any t G -E the set Df := {z : {z,t) G V} is not empty. For simplicity 
we will assume that all D^'s are domains, which is enough for our purpose. However, our 
arguments (with minimal changes) are also valid for the case when some of the DtS are 
not necessarily connected. 

Recall that by Theorem 12. 3[ for any {z, s) E V all solutions to the initial value 
problem (12. ip can be obtained as restrictions of the unique non-extendable solution 
J*(^, s) 9 t h-^ U!*{z,t) G C. 

Definition 2.5. A weak holomorphic vector field G : P — > C (of some order d G [1, +00]) 
is said to be semicomplete if for any {z, s) G V, the inclusion J*(2;, s) D E^ := E D [s, +00) 
takes place, i.e. the initial value problem (12. ip has a solution defined everywhere in E^. 
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In the following proposition we establish some important properties of the non- 
autonomous semiflows generated by semicomplete weak holomorphic vector fields. 

Proposition 2.6. Let G : V ^ C be a semicomplete weak holomorphic vector field of 
order d G [1, +oo]. Then the formula ^s,t{,z) := w*{z,t) defines a family {ips,t)s£E,t£E'' of 
mappings ips,t '■ Dg ^ Dt such that the following assertions hold: 

(i) ifs^t is holomorphic in Dg for any s E E and any t E ; 

ill) (ps,s = ids, for any s G E; 

(iii) (ps^t = Vu,t ° Vs,u for any s,u,t E E such that s < u <t; 

(iv) for any compact set K G V there exists a non-negative function G Lf^^{E,W) 
such that 

J u 

for any u,t E E and any {z, s) E K satisfying s < u <t. 

Proof. The proof of the first 3 assertions is straightforward from previous results. Indeed, 
assertion (i) follows from Theorem I2.3l -(iv). assertion (ii) holds by the very definition of 
w*{z,t), and (iii) is a consequence of Theorem I2.3l -(i). 

We are left with assertion (iv). Let K is compact. For each T E E^ the set K{T) := 
{[(ps,ti^), t) '■ (z, s) E K, s < t < T} G V is also compact, since {z,s,t) i— )■ ^s,t{^) is 
continuous by Theorem 12. 3l -(v). 

Denote sq := minpr]g(fr). Then, by condition WHVF3 of Definition 12.11 there exists 
a non-negative function kj^^j,^ E L'' ( [sq , T] , M) such that \G{w,t)\ < kj^^j,-^(t) for any 

{w,t) E K{T). Extend kj^fj.^ to E by setting A;^(y)(t) = for all t G -E \ [so,T]. Take any 
non-decreasing sequence (T„) C E such that Ti > sq and T„ — )■ sup E a.sn +oo. Define 
kx '■= X[so,Ti]fcif(T^) + X]n:^ X(T„_i,T„]^if(T„)5 where xa stands for the characteristic function 
of a set y4. Obviously, kK E Lf^^{E,R) and |G((^,,t(;z), t) | < kxit) for all {z,s) E K and 
all tEE". 

To complete the proof it remains to recall that v^s,t(-2) — V^s,u(-2) = G'(v9s,^(-2), ^) 
for any {z, s) eT> and any u,t E E^. □ 

The converse of Proposition 12.61 is also true: the properties (i)-(iv) turn out to be 
characteristic. The exact formulation of this fact uses the following two notions from the 
analysis of infinitely dimensional vector-functions of a real variable. 

Let U and W be some domains in the complex plane C and J C M an interval containing 
at least two different points. By Hol(f/, W) we denote the set of all holomorphic functions 
from UioW endowed with the topology of the uniform convergence. 

Definition 2.7. A mapping ip : I Hol(f/, W) will be called absolutely continuous on I 
if for any e > and any compact set K G U there exists 6 = 6{e, K) > such that for 
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any finite set of pairwise disjoint intervals (Jj)"^]^, Ij := {aj, bj), aj, bj G /, we liave 

n n 

J2ibj -aj) <5 =^ y{bj) - ip{a^)\\K < e, 

i=i i=i 

wfiere || ■ \\k stands for the Chebyshov norm on K, i.e., \\f\\K '■= sup^g^ for any 

bounded function f : K ^ C 

A mapping Hol([/, VT) will be called locally absolutely continuous if (f is 

absolutely continuous on each compact interval J <Z I. 

Definition 2.8. A mapping if : I ^ Ho\{U,W) will be called differentiable at a point 
to e / if there exists a function g G Hol([/, C) such that [(pit) — v?(to)) /{t^to) -^9 iii the 
topology of Hol(f/, C), i.e. 

11^ - {ip{t) - ip{to))/it - to) 11^ ^ for any K CC U, 

a.s t ^ tQ, t E I \ {to}. The function g is the derivative of ip at the point to and will be 
denoted by [dip / dt)(tQ) or 0(to). 

Remark 2.9. Let G : Ui U and F : W Wi be two arbitrary holomorphic functions. 
Define the mapping Cf,g '■ \-\o\{U,W) Ho\{Ui,Wi) by setting Cp^Gig) '■= F o g o G 
for all g G V\o\{U,W). It is easy to show that Gf,g o is locally absolutely continuous 
provided so is : / — > Hol(?7, W). The same is true for the notion of differentiability: if 
ip : I Hol(f/, W) is differentiable at some point to G E, then Cf,g°V is also differentiable 
at to and (rf (C^.g o ^)M) (i^o) = [F' o ipito) o G) {{dip/dt){to) oG). 

Now we can state the following 

Theorem 2.10. Let (i G [1, +oo] and let {ips^t)s&E,t(^E= be a family of maps ips,t '■ F>s ^ Dt 
such that assertions (i)-(iv) of Proposition hold. Then there exist a null-set N G E 
and a semicomplete weak holomorphic vector field G : V ^ C of order d such that the 
following statements are true: 

(a) for any s G E the map E^ 3 t ^ ip^^t ^ Hol(Z?s, C) is locally absolutely continuous; 

(b) for any s G E' := E \ {sup-E} the map E^ 3 t (ps^t ^ Hol(DsjC) is differentiable 
m E' \ N; 

(c) d(ps,t/dt = G{-, t) o (y9s,t for all s e E' and all t e E^\N. 

The proof of Theorem 12.101 is preceded by the following three lemmas. 

Lemma 2.11. Under the conditions of Theorem \2.10[ for each s G E and each t G E^ , 
the function (ps^t is not constant in Dg. 

Proof. Assume on the contrary that v^so,to is constant for some So,to G E with Sq < to. 
Take uq := (so + to)/2. Then Lps^^to = fugfy °'Pso,uo by (iii). Hence either ipso,uo is constant 
in or v^no.to is constant in Duq- Repeating this procedure several times if necessary, 
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we see that one could assume from the very beginning that there exist R > and Zq G C 
such that K := D{zq,R) x [so,to] C V. 

Combining (ii) and (iv), we see that there exists non- negative G L5^^(i?, M) such 
that \ips^t{z) — z\ < J^kxiOd^ whenever \z — zo\ < R and sq < s < t < to. Using again 
bisections of the interval, we conclude that there exist s,t E [so,to] such that s < t, 
Lfs^t = const, and jlkxiCld^, < R. Then \Lps,t{z) — z\ < R for all z G D(zo,R), which 
implies that <fs,t{zo + R) ^ fs,t{zQ — R)- The contradiction finishes the proof. □ 

Lemma 2.12. Let zq E C, to E E, and Ez^ fl (— oo,to] 7^ 0- Then under the conditions of 
Theorem \2.1(J[ the map E^q fl (—00, to] 9 s (fs^toi^o) is continuous. 

Proof. Fix an arbitrary {zq^sq) G V and to ^ E'^^ ■ We have to prove that ips^tA^o) 
Vsom^zq) as s — )■ Sq. The proof is in two steps. 



20- 



Step 1. First we prove continuity from the left. So assume that s < Sq and that s E E 
From (ii) and (iv) it follows that ifs,so{zQ) — )■ -Zo as s — )■ so — 0. Hence by (iii), ips^toi^o) = 
(Pso,to{^s,so{zo)) ipso,toi^o) as s So - 0. 

Step 2. If E 3 sup E and sq = sup E, then the proof is finished. So we may suppose that 
So < s < sup E. Choose any si > Sq and R > such that K := D{zq, R) x [so, Si] C V. 
Then it follows from (ii) and (iv) that ipsQ^s{.z) — )■ z uniformly in D{zq., i?) as s — )• Sq + 0, 
s < Si. Using Rouche's theorem one can easily show that for all s G (so,Si) close to s 
enough there exists a function 'ipso,s '■ E>{zo,R/2) — )• C such that ipso,s ° V'scs — 'd_D(2o,-R/2) 
and that ipsoA^o) as s -> so + 0. Then by (iii), (Ps,to{zo) = v^^cio (^so,s(2;o)) 

V?so,to(^o) as S Sq + 0. 

The proof is now finished. □ 

Lemma 2.13. Let h > 0, Zq E C, andE^^ := E^^^nE ^ 0, where E := {s E E : s + h E E}. 
Then under the conditions of Theorem \2.1(K the map E^^ 9 s 1— )■ ips,s+h{zo) is continuous. 

Proof. Fix arbitrary (^o, Sq) E T) with So G E. Since T> is relatively open in C x i?, there 
exists 5 E (0, h/2) such that {2:0} x /, where / := [sq — 5, so + 5] H E, is a compact subset 
of v. We have to prove that \({>s^s^h{zQ) — ipsQ,so+h{.ZQ)\ — )■ as s — )■ so, s G /. 

Note that so G /. Moreover, for any s G / we have s < Sq + h. Hence by (iv) with 
K := {zq} X /, we have 



\^s,s+hizo) - (ps,so+hizo)\ < 



s+h 



,+h 



where fc^ G Lf^^{E, [0,+oo)). Hence \ips,s+h{zo) - iP sso+h {^o)\ as s so, s G /. To 
complete the proof it only remains to apply Lemma [2.121 with to := Sq + h. □ 
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Proof of Theorem I2.10L First of all we notice that statement (a) follows directly from 
assertion (iv) applied with K := K' x {s}, where s & E and K' is an arbitrary compact 
subset of Dg. 

Let us prove (b). Consider any countable expanding system (Kn) of compact sets 
Kn C V such that U„gN int Kn = T), where int A stands for the interior of a set A. (Such 
a system exists in any locally compact separable metric space.) To simplify the notation 
we will denote by kn the function kx^ from assertion (iv). 

Fix any t E E and any n G N. If kn{t) < +00 and t is a Lebesgue point of /c„, then 



Cnit) := sup 



1 



t' -t 



t' e E,{)<\t' -t\ <l \ < +00. 



Hence (12.81) holds for all t G -E aside some null-set M„ C E containing all non-Lebesgue 
points of kn- Set M := Un&iMn- 

Fix any s E E' := E \ {sup-E}. Let C -Ds be a compact set. Then, by construction, 
there exists n G N such that K x {s} C. Kn- Therefore, by (12.81) . 



(2.9) 



t'-t 



< 



K 



t'-t 



< Cn{t) < +00 



for alH G \ M and all t' G E' such that Q <\t' -t\< 1. 

It follows from (a) that E^ 3 t ^ ^s,t{z) is locally absolutely continuous for any 
(2;, s) G T>. Hence there exists a null-set N{z,s) C E'^ such that d(fs,t{z)/dt exists for 
all t E E^ \ N{z,s)- Fix an arbitrary s E E' and take any sequence {z^) C Dg with 



[UkeNN{zk,s)] U M. Then, owing 
\ N{s), there exists a finite limit 
,C), i.e. t (fs,t e Ho\{Ds,C) is 



at least one accumulation point in Ds- Set N{s) 
to (12. 9p . Vitali's principle implies that for any t E'^ 
\m\ti-^t{'^s,t' - <^s,t)/(t' - t) in the topology of Ho\{Ds 
differentiable aside N{s). 

Now take any si < s, Si G E. We claim that t h- )■ (fs,t ^ Hol(Ds, C) is also differentiable 
for all t E E'^ \ N{si)- Indeed, by the above argument, t ^ fsi,t is differentiable for all 
t G -E'^^ \ N{si) D E^\ N{si)- Since yj^i,* = V^s,t o V^si.s for all t G E^, we can conclude that 
t I— 7- ips,t\u, where U := (fsi,s{Dsi), is differentiable for all t E E'^ \ N{si)- By Lemma [2. Ill 
U C -Ds is a domain. Hence using again (12.91) and Vitali's principle, we conclude that 
t ^ ^Ps,t is differentiable in t G -E \ N{si)- 

1{ E 3 inf E, we set Si := mini? and A^' := A^(si). If E ^ inf E, we take any decreasing 
sequence (s„) C E such that s„ — inf E' as n — )■ +00 and define A^' := UnenN^Sn)- 

Finally, for the case E ^ supE we set N := A^'. Otherwise, we set N := N'U {maxi?}. 
Now the proof of (b) is finished. 

We are left with statement (c). Define the function G : P — )■ C in the following way: 
G(-,t) := di^s,t/dt\s:=t for all t G ^ \ iV, and G(-,t) = for all t G N. Then, from 
assertion (iii), it immediately follows d(ps,t/dt = G{-,t) o (^^^ for all t G -E \ and all 
s G -E n (— 00, t]. So it remains to show that G is a semicomplete weak holomorphic field 
of order d. 
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First of all, G{-,t) G Hol(Df,C) for all t & E by construction. Further, for any fixed 
z G C such that ^ 0, we have n(^(fs,s+i/niz) — z) — )■ G{z, s) as n — )• +00 for a.e. s E E^. 
By Lemma [2.131 for each fixed n G N the function s i— )■ ^s,s+i/n is continuous. It follows 
that G{z, ■) is measurable on E^. Therefore, G satisfies conditions WHVFl and WHVF2 
from Definition 12.11 

Let us check condition WHVF3. Fix any compact set K G V. By construction, there 
exists G N such that K C Kn- Let {z,t) E K. If t E N, then trivially we have 
= \G{z, t)\ < knit). So assume that t ^ A^. By construction, t is a Lebesgue point for kn- 
Hence, on the one hand. 



1 



t' - 1 



kniOd^ 



knit) as t' -)■ t. 



On the other hand, Giz,t) = limt'^t+o {ft,t'iz) — z)/it' — t). Passing in the inequality 
Wt,t'iz) — z\/\t' — t| < Qit, t') to the limit as t' — )■ t + 0, we again obtain \Giz, t)\ < knit). 

Note that liK) := pr^iK) is compact. Thus to finish the proof of WHVF3, it is now 
sufficient to set kx '■= kn\i{K)- 

Finally, by the above arguments, for any (z, s) E V, E^ 3 t ^ ^s,tiz) solves the initial 
value problem (12. ip . Thus the vector field G is semicomplete. This finishes the proof. □ 



3. Evolution families in simply connected domains 

The notion of evolution family is one of the three central notions in modern Loewner 
Theory in simply connected domains. In this paper we will use the following definition of 
evolution family in a domain of the complex plane, which for the case of the unit disk © 
was formulated in [TOI. 



Definition 3.1. Let be a domain in C and d E [l,+oo]. A family i'~Ps,t)Q<s<t<+oo of 
holomorphic self-maps >^s,t : -D — )■ -D is said to be an evolution family of order d (or, in 
short, L'^-evolution family) in the domain D if it satisfies the following three conditions: 

EFl. ifs^s = ido, 

EF2. ifs^t = Vu,t ° Vs,u whenever Q < s < u <t < +00, 

EF3. for any T > and any z E D there exists a non-negative function kz^T ^ -^"^([0, 7"], IS) 
such that 

\Vs,ti^) - 'fs,uiz)\< I kz,TiC)di 

J u 

whenever 0<s<u<t<T. 

One can show that all non-trivial cases of evolution families in a (fixed) domain can 
be reduced in one or another way to the case when D = ID). We will not go into details, 
except for proving the following result, which will be applied further in the paper. 
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Proposition 3.2. Let d G [l,+oo]. Let {(fs,t)o<s<t be a family of holomorphic self-maps 
of the unit disk D and F : © — )■ C any holomorphic univalent function. Then the formula 
$<j^( = F o ipg^^ o F~'^, t > 0, s E [0,t], defines an L'^ -evolution family in D := F(D) if and 
only if {^Ps,t) is an L'^-evolution family in D. 

The proof is based on following 

Lemma 3.3. Let {^s,t) be an L'^- evolution family in a hyperbolic domain D (i.e. admitting 
a hyperbolic metric). Then the mapping {{s,t) : < s < t < T} 3 {s,t) i— G 
Ho\{D,D) is continuous. 

The above lemma was proved for the case D := 3 in flU\ Proposition 3.5]. The same 
argument with obvious modifications works for any hyperbolic domain D. Therefore we 
omit the proof. 

We will also take advantage of the following well-known statement. 

Lemma 3.4. Let U G C be a domain and F : U ^ C a holomorphic function. Then for 
any compact set K G U there exists a constant C{K) > such that 

\F{zi) — F{z2)\ < C{K)\zi — whenever Zi, Z2 G K. 

Proof. The lemma follows immediately from the fact that the function R{zi,Z2) : = 
\F{zi) — ^(^2)1/1^1 — Z2\, zi, Z2 G U, zi ^ Z2, can be continuously extended to f/ x f/ by 
setting R{z, z) := \F'{z)\ for all z gU. □ 

Proof of Proposition [H721 Let F be any of the conformal mappings of D onto D. 

Let us assume first that {ips,t) is an L'^-evolution family in D. We have to prove that 
is an L'^-evolution family in D. It easy to see that ($s,t) satisfies conditions EFl 
and EF2. We have to prove only EF3. 

By Lemma 133] the mapping ips,t £ Hol(D, D) is continuous. Hence the set 

Kz^T '■= {fs,t{z) :0<s<t<T}cDis compact for any fixed z G Vi and T > 0. 
Therefore, by Lemma [3.41 with U := D, there exists C = C{Kz^t) > such that 

|$,,tH - ^s,u{w)\ < C{Kz,t)\vsAz) - VsAz)\^ w := F{z), 

for all s, M, and t satisfying Q<s<u<t<T. Now the fact that ($s,t) satisfies EF3 
follows immediately. 

The converse statement, i.e. the fact that {<^s,t) is an L'^-evolution family provided so 
is can be proved in a symmetric way. □ 

The authors of [TU] established a deep relationship between evolution families in the unit 
disk D and Caratheodory non-autonomous differential equations, driven by the so-called 
Herglotz vector fields. 

Definition 3.5. A Herglotz vector field of order d (in short an L'^-Herglotz vector field) 
in a simply connected domain D ^ C is a weak holomorphic vector field G of order d in 
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T> := D X [0, +00) such that for a. e. fixed t > the function G{-,t) is an infinitesimal 
generator in D. 

Remark 3.6. For the notion of infinitesimal generator and the theory behind it we refer the 
reader to [H §1.4.1] or [101 Section 2]. According to the Berkson- Porta representation [H], 
the set of all infinitesimal generators in D conincides with the set of all functions given 
by the formula G{z) = {t — z){l — fz)p{z), z G ©, where r is an arbitrary point in the 
closed unit disk D and p : © — C is an arbitrary holomorphic function satisfying the 
inequality R,ep{z) > for all 2 G ©. Moreover, if F : D — t- C is a holomorphic univalent 
function, then the infinitesimal generators in D := are exactly the functions Gn 

given by the formula Gd{w) = F' (^F~^{w))G(^F~^{w)) , w G D, where G is an arbitrary 
infinitesimal generator in D. The non-autonomous version of this statement follows easily: 
given d E [I, +oc], the function G : D x [0, +00) is a Herglotz vector field of order d in D 
if and only if the formula GD{w,t) := F' {F-\w))G{F-\w),t) , w e D,t>0, defines a 
Herglotz vector field of order d in the domain D. 

Remark 3.7. One of the immediate consequences of the above remark is that an infinites- 
imal generator Go '■ F) ^ C can have at most one zero in D unless it vanishes identically. 

In pro] it was proved that every Herglotz vector field in D is semicomplete [TOl Theo- 
rem 4.4]. Moreover, there is a one-to-one correspondence between these vector fields and 
evolution families. Namely, for every Herglotz vector field G : D x [0, +00) — )• C 0/ or- 
der d there exists a unique L'^-evolution family {fs,t) generated by the vector field G in 
the following sense: for any 2 G D and any s > 0, the function [s, +00) 3 t ^s,t{z) 
solves the initial value problem w = G{w,t), w{s) = z [10, Theorem 5.2]. Conversely, 
every L'^-evolution family {(ps,t) in- D is generated by a unique (up to a null-set) Herglotz 
vector field G : © x [0, +00) — )■ C 0/ order d jTOl Theorem 6.2]. Using Proposition 13.21 
and Remark 13.61 one can easily conclude that these results hold also with D replaced by 
any simply connected domain D ^ C. Hence, taking into account Proposition 12.61 with 
D X [0, -^00) substituted for P, we can state Theorem 6.2 from [TU] in the following, a bit 
stronger form: 

Theorem 3.8. Let {(ps,t) be an L'^- evolution family in a simply connected domain D ^ C. 
The following statements hold: 

(i) for any s > the mapping [s, +00) 9 t 1— )• (ps,t G Ho\{D,D) is locally absolutely 
continuous; 

(ii) moreover, the above assertion (i) holds locally uniformly w.r.t. s, i.e. for any T > 
and any K CC D there exists a non-negative function kK,T ^ L^{[0,T],'Kj , not 
depending on s, such that 




for any s,u,t E [0, T] such that s < u <t. 



LOEWNER THEORY IN ANNULUS I 



17 



111 



there exists a Herglotz vector field G : [0, +00) — )■ Hol(D,C); t ^ Gt of order d 
and a null-set N C [0, +00) such that for any s > the mapping [s, +00) 9 t t— t- 
ifs^t € Hol(D,C) is difjerentiable aside N and for each t G [s, +00) \ N we have 
{d/dt)ips,t = Gto ip.^f 

We finish this section with the proof of a modification of [TBI Proposition 2.10], which 
does not seem to appear in the hterature earher. 

Proposition 3.9. Let d G [l,+oo], D ^ €, he a simply connected domain and 
{,^s,t)o<s<t<+oo C V\o\{D,D). Suppose that ($s,t) satisfies conditions EFl and EF2 from 
Definition \3.1\ Let Ci, C2 G -D and Ci 7^ C2- U the functions t h-). $o,t(Ci) o,'>T'd t $o,t(C2) 
belong to AC"^([0, +00), D) and $o,t(Ci) '^o,t(C2) for allt > 0, then ($s,t) is an evolution 
family of order d in the domain D. 

To prove the above proposition we need following 

Lemma 3.10. There exists a universal constant C > such that for any holomorphic 



map (y9 : D — )■ 
inequality holds: 



with </)(0) = 0, any r G (0,1) and any Co ^ ID)\{0}, the following 



(3.1) 



1^(0 -CI < 



c 



lCo|(l-|CoP)(l-r2) 
G ©\{0}, r G (0,1) 



l^(Co)-Co| 



ICI<r. 

D) with (^(0) = 0. If 



Proof. We fix arbitrary Co e {0}, r G (0, 1), and ^ G Hol(D, 
|¥'(Co) ~ Col > ICol) then (13. ip holds trivially with any C >2. 

So we can assume that |(/?(Co) — Co| < |Co|- Then |v5(Co) + Co| > |Co| > 0. Hence, it follows 
from the Schwarz lemma that ip'{Q) ^ -1 and that ip{C)/C G D\ {-1} for all C e ro\ {0}. 

Therefore, the function p{Q := (l — v^(C)/C)/ (l + V'(C)/C)) extended to the origin by 
continuity, is holomorphic in 3 and satisfies there the inequality Rep(C) > 0. Hence, [3^ 
ineq. (11) on p. 40] implies that for any |C| < r. 



b(C)| < |Imp(Co)| + |Rep(Co 



1 + 


Co 


-c 


1 - 


CoC 


1 - 


Co 


-c 


1 - 


CoC 



< v^b(Co 



1 + 


Co-C 


1-CoC 


1 - 


Co-C 


1-CoC 



v^b(Co) 



(|i-CoCI + ICo-CI)^ 
(i-|CoP)(i-|CP) 



< b(Co) 



16^2 



;i-iCoP)(i 



Finally, bearing in mind that \if{Co) + Col > ICol we deduce that, whenever < |C| < r, 

32V2 |Co-<^(Co)| 



l¥'(C)-CI 



< 



IC + ¥'(C)lb(C)l< 

32^2 



lCo|(l-|CoP)(l-r 



l-|Co|2)(l-r2)|Co + ^(Co)| 
jtI¥'(Co)-Co|. 
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This finishes the proof. □ 

Proof of Proposition [3T9l First we prove the proposition for the case D := D. For the 

sake of convenience we change the notation used in Proposition l3.9[ So let {'^s,t)Q<s<t<+oo C 
Hol(©,©), zi,Z2 G D, (i e [l,+oo]. Assume that (1) ^ps.s = ido for all s > 0; (2) ips,t = 
^u,t o V^s.M whenever ^<s<u<t< +oo; (3) t ^ (/9o,t(-2i) and t i— )■ V5o,i(^2) belong to 
AC°'([0, +oo),©); (4) LpQ^t{z^ 7^ V^o,t(-22) for all t > 0. We have to prove that [}Ps,t) is an 
L'^-evolution family in 
Write 

<^Az) := ==r-- •= V^o.H^i)- 

1 + a{t)z 

Define V's,* '■= ^i""^ ° ^s,t ° ^s- We claim that is an L'^-evolution family. Clearly, {^^s,t) 

satisfies conditions EFl and EF2 from Definition 13. II Moreover, 'i/'s,j(0) = for any s > 
and any t > s. To check condition EF3, we note that t ^ Co('w) •= '^o,t(2^o) ^ D, where 
:= /iq ^(^2), belongs to 74C"^([0, +00), D) and does not vanish. 

Now take arbitrary T > 0. Fix any 2; G D and any s, m, t G [0, T] such that s < u < t. 
Denote r := |z| and e := min„g[o,T] |Co(w)| > 0. Applying Lemma [3.101 with ip := tpu,t, 
C '■= 4's,u{z), Co '■= Co('w) and taking into account that \(\ < \z\ = r and |Co('w)| < kol by 
the Schawrz lemma, we get 

|^.,(.) - tsA^)\ = \M0 - CI < 1^^(^)1(1 _|^^(^)|2)(i_, 2) I^m(Co) - Col < 

<^(^^^|y(^^l^o,(.o)-^o,«(.o)|. 

This shows that {'4's,t) satisfies EF3 and hence it is an L'^-evolution family. Now we ap- 
ply Lemma 2.8] to conclude that {ips,t) is also an evolution family of order d. 

The proof for the case D := D is complete. For arbitrary simply connected domains 
D ^ C, the proposition follows now from the Riemann Mapping Theorem and Proposi- 
tion 1321 □ 



4. Evolution families over systems of doubly connected domains 

4.1. Definition of an evolution family in doubly connected case. As we mentioned 
in the introduction, the most important new property of Loewner Evolution in multiply 
connected case is that the canonical domain has to evolve in time, while in simply con- 
nected case the conformal type does not change. On the level of evolution families one 
can explain this phenomenon by the fact that all the families satisfying Definition 13.11 
for D := Ar with some fixed r G (0, 1) are exhausted by rotations (see Example 16. ip . So 
instead of one fixed reference domain we consider families of reference domains. A natural 
choice of doubly connected reference domains are the annuli A^, where r G [0, 1). (Note 
we do not exclude the case r = 0.) With each annulus we can associate a one-generated 



LOEWNER THEORY IN ANNULUS I 



19 



torsion- free Fuchsian group F such that is conformally equivalent to D/F. This group 
is unique up to conjugation by a Mobius transformation and the conjugation classes are 
uniquely defined by the multiplier A of the generator of F. It is not difficult to calculate 
that A = e-2'^'^(''\ where 



(4.1) w(r) : = 



— vr/logr, if r G (0, 1), 
0, if r = 0. 



Hence it is natural to consider families of annuli {Ar(^t))t>o assuming some regularity of 
the function t i— )■ a;(r(t)). Namely, we introduce the following 

Definition 4.1. Let d G [l,+oo] and {Dt)t>o be a family of annuli Dt := Ar(t). We will 
say that (Dt) is a (doubly connected) canonical domain system of order d (or in short, 
a canonical L'^-system) if the function t ^ u}{r{t)) belongs to AC"^([0, +oo), [0, +oo)) 
and does not increase. If r{t) = 0, then the canonical domain system (Df) will be called 
degenerate. If on the contrary r(t) does not vanish, then {D^) will be called non-degenerate. 
Finally, if there exists T > such that r{t) > for all t G [0, T) and r{t) = for all t >T, 
then we will say that (Dt) is of mixed type. 

Remark 4.2. The condition that t ^ u{r{t)) is of class AC^ implies that t ^ r{t) also 
belongs to AC"^([0, +oo), [0,1)). In the non-degenerate case, i.e. when r{t) > for all t > 0, 
or if (i = 1, then the converse is also true and we can replace u{r{t)) by r{t) in the above 
definition. However, in general this is not the case and for some auxiliary statements (e. g. 
for Lemma the condition cuor G y4C"^([0, +00), [0, +00)) is essential even if we assume 
that 1 1— )• r(t) is of class AC^. At the same time we do not know whether any of our main 
results would fail to hold in the mixed case with d > 1 if in Definition 14.11 one places a 
weaker condition r G AC'^[[0, +00), [0, 1)) instead of w o r G AC'^[[0, +00), [0, +00)). 

Now we can introduce the definition of an evolution family for the doubly connected 
setting. 

Definition 4.3. Let {Dt)t>o be a canonical domain system of order ci G [1, +00]. A family 
{'^s,t)o<s<t<+oo of holomorphic mappings ips^t '■ Dg ^ Dt is said to be an evolution family 
of order d over (Dt) (in short, an L'^-evolution family) if the following conditions are 
satisfied: 

EFl. !fs,s = ido,, 

EF2. ifs^t = ipu,t ° '■Ps,u whenever < s < u <t < +00, 

EF3. for any closed interval / := [S,T] C [0, +00) and any z G Ds there exists a non- 
negative function kzj G L'^([5', T], M) such that 

J u 

whenever S<s<u<t<T. 
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Suppressing the language we will refer also to the pair £ := ((-D*), {^s,t)) as an evolution 
family of order d and apply terms degenerate, non- degenerate, of mixed type to £ whenever 
they are applicable to the canonical domain system (Dt). 

It is clear that the notion of an evolution family over a degenerate canonical domain 
system given by Definition 14.31 is the same as the notion of evolution family in the domain 
D := D* given by Definition 13.11 This case is known to be equivalent to that of evolution 
families in the unit disk fixing the origin. We will discuss it briefly in Section 15. 2[ while 
the main attention in this paper will be paid to the non-degenerate case. 

4.2. Lifting evolution families to a simply connected domain. Given a canonical 
domain system {Dt) and a family (v?s,t) satisfying algebraic conditions EFl and EF2 from 
Definition 14. 3[ there is a lifting of {^Ps,t) to the upper half-plane M := {z : Imz > 0} 
(or any other hyperbolic simply connected domain) satisfying conditions EFl and EF2 
from Definition 13. 11 Under some additional conditions such lifting is unique. An important 
role in our arguments is played by the class M(ri,r2) of all functions ip G Hol(Ar^, A^j), 
1 > ri > r2 > 0, such that 07) = 1(7) for any oriented closed curve 7 C A^^, where 
1(7) stands for the index of the point z = w.r.t. 7. 

The lifting technique allows us to apply the theory of evolution families in simply 
connected domains to establish some useful results in the doubly connected case. One of 
these results is the following analogue of Proposition 13. 9[ which gives a sufficient (and in 
fact necessary) condition for {<fs,t) to be an L'^-evolution family over (Dt). 

Theorem 4.4. Let (Z^t) = {^r{t)) be a canonical domain system of order d G [1, +00] and 
let {fs,t)o<s<t be a family of holomorphic functions ips,t '■ Dg ^ Df satisfying conditions 
EFl and EF2 in Definition \4.3\ Suppose that at least one the following conditions holds: 

(a) for each t > 0, each sq G [0, t) and any z G D^^ the mapping [sq, t] 9 s h-> ips^ti^) G D* 
is continuous; 

(b) for each s > and any z E Ds the mapping [s, +00) 3 t ^ ^s,t{z) G D* is continuous; 

(c) for each s > and t > s the function ips^t belongs to the class M(r(s), r(t)) . 

If there exists a point zq G Dq such that the function [0, +00) 3 t (pQ^t{zo) G W belongs 
to y4C"^([0, +00), D*), then {^s,t) is an L'^ -evolution family over (Dt). 

Using the lifting technique, we can also extend assertion (ii) of Theorem 13.81 to the 
doubly connected setting. 

Proposition 4.5. Let {(ps,t) be an L'^ -evolution family over a canonical L'^- system (Dj) = 
(Ar(j)) . Then for any closed interval I := [S, T] C [0, +00) and any compact set K C Ds 
there exists a non-negative function kxj G L'^(/,M) such that 

\Ws,t- ^s,u\\k < / kxjiOdi 

J u 

for all s,u,t E I satisfying s < u <t. 
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Our study of the vector fields corresponding to non-degenerate L -evolution families is 
also based on the lifting technique. A suitable geometry of the covering space for non- 
degenerate case is the one of the strip S := {2; : < Re^; < 1}. This is a motivation for 
following 

Theorem 4.6. Let [Dt] = (A,,(t)) be a non-degenerate canonical domain system of or- 
der d G [1, +00]. Then for any L'^-evolution family {(fs,t) over (Dt) there exists a unique 
L'^-evolution family {"^3,1) in the strip S such that 

(4.2) Wt o ^s,t = ^s,t 0W3, < s < t < +CX), 
where Wr{() := exp(^ log r(r)) for all r > and all ( &E>. 

The proofs are given in Section |4^ and based on some lemmas we are going to establish 
in the next section. 

4.3. Some auxiliary statements. 

Lemma 4.7. Suppose {(Dt), {'^s,t)) is an evolution family of order d G [1, +00]. Let s > 0. 
Then the following statements are true: 

(i) for each z E Dg the function t '^s,t{z) belongs to y4C"^([s, +00), C); 

(ii) the mapping t ^ (ps,t ^ Hol(Ar(s), D*), D* := D \ {0}, is continuous in [s, -l-oo); 

(iii) (fs,t £ M(r(s),r(t)) for any t > s; 

(iv) (fs,t is univalent in Dg for any t > s; 

Proof. To prove (i) we need only to apply condition EF3 from Definition 14.31 for 5* := s. 
Fix t > s. From (i) it now follows that (ps,u{z) — )■ '^s,t{z) pointwise in as u — ?■ t. The 
functions ifg^t, t > s, form (for fixed s > 0) a normal family in Dg. Therefore, the pointwise 
convergence implies convergence of ips,u to ips,t in Hol(Ds,C). This proves (ii). 

Now let us take any closed curve 7 : [0, 1] — )■ Dg. Fix t > s. Recall that ipg^g = 
Hence, (ii) implies that g{u,x) := ipg^u{l{x)) , u G x G [0,1], provides us with a 

homotopical deformation of the curve 7 into the curve (fg^t ° 7 within the domain Dt. It 
follows that I{tfs,t ° 7) = -^(7)- Since 7 is chosen arbitrarily, (iii) is now also proved. 

To prove (iv) we argue as in [HI Proposition 3]. Assume that there exist s > 0, t > s 
and zi,Z2 G Dg such that Zi 7^ Z2 but v?s,t(2i) = f 3,1(^2) ■ Denote Cji'^) '■= fs,u{zj), j = 1, 2. 
Let Mo '■= inf{'U G [s,t] : Ci{u) = (2{u)}. Clearly, Uq G [s,t]. From (i) we know that the 
functions (j are continuous. Therefore, Ci('^o) = (2(^0) := Co- In particular, Uq 7^ s. At the 
same time, by construction 

(4.3) (^(u)^C2{u), ue[s,uo). 

Let U 3 Co be any domain such that U C Du^. Then there exists Ui G [s,Uo) such 
that {Ci(m), C2(w)} C U G Du for all u G ['Ui,'Uo]- In particular, the functions ^Pu,uo are 
well-defined and holomorphic in U for all u G [mi,mo]. By condition EF2 in Definition 14.31 

(4.4) i.pu,uo{Ci{.u)) = (Pu,uo{C2iu)) = Co, ue [Ui,Uo]. 
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Now we claim that (pu,uo\u ~^ in Hol(f/, C) as m — )■ % — 0. The pointwise convergence 
Vu,uo (-2) — )■ 2;, z G ?7, is a consequence of condition EF3 in Definition 14.31 apphed with 
{s,u,u,Uo,t) substituted for {S, s,u,t,T). Since the functions v^n.uo; ^ ["^i^'^o]) form 
a normal family in U, the pointwise convergence implies convergence in Hol(f/, C). In 
particular, it follows that given a sufficiently small open neighborhood W of the point (q, 
the function fu,uo is univalent on W provided u is sufficiently close to uq. The fact that 
this statement contradicts relations (14. 3 p and (14. 4p proves assertion (iv). □ 



Lemma 4.8. Under conditions of Theorem\4.4\ assertion (c) holds 



Proof. Assume first that (b) holds. Fix any s > 0. By normality of the family (v5s,t)t>o in 
Ds, assertion (b) implies that the map [s, +00) 3 t ips,t € Hol(Ds,D*) is continuous. 
Hence as in the proof of Lemma 14.71 we can conclude that for any fixed t > s the map 
[0,1] X Ds 3 {9,z) I-)- (fs^tie){z) e D*, where t{9) := (1 - 9)t + 9s, provides us with 
a homotopical family in D* joining (fg^t with '\d£,^. It follows immediately that (ps,t ^ 
M(r(s), r(t)) . This proves that (b)^(c). 

The proof of the implication (a)^(c) is similar. Combining (a) with the normality 
argument we can conclude that for each s > and t > s the map [0, 1] x Ds 3 {9, z) 
'^s{e),t{z) € D*, where s{9) := (1 — 9)s + 9t, is a homotopical family in D* joining (ps^t with 
idz)^. Again (c) follows immediately. □ 

Denote by S^, r G (0, 1), the strip {z : logr < Rez < 0} and by Sq the left half-plane 
{z: Rez < 0}. 



Lemma 4.9. Under conditions of Theorem 4-4 there exists an evolution family {^s,t) of 



order d inM such that for all s >0 and all t > s we have 
(4.5) Bt o = if.^t o B„ 

where B^-iw) := exp (^(w, a;,-), r > 0, and 

Q{w, u) := - log ^— -, Q{w, 0) := 2^w, := a;(r(r)) = ^ ^ 



Remark 4.10. By log in the formula for the function Q in the above lemma we mean 
the single- valued branch of the logarithm in C \ (—00, 0] that vanishes at C = 1. Hence 
the function Q being extended by continuity to = is well-defined and holomorphic 
in the domain |(w,a;) G : low ^ {—00, —1] U [1, +00)}. For each a; > the function 
Q{-,uj) maps H conformally onto the strip S.,., where r := e~^^^, if > 0, or onto the left 
half-plane §0 if 1^ = 0. 

Proof of Lemma \4.9[ Owing to Lemma 14.81 we can assume that assertion (c) from Theo- 
rem 14.61 takes place. Let us construct first the family ($s,t) and then prove that it is an 
L'^-evolution family. 
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Denote by R{-,oj) the function inverse to Q{-,u), i.e. 

for w 7^ 0, and -R(C, 0) = — 'iC/2 when co = 0. Therefore R is holomorphic in \ cu) : 
(u = 7r(?7, + l/2) for some n G Z}. Consider the curve [0, +oo) 9 t i— )■ ^(t) := (y9o,t(zo) ^ I^* 
and let t C(^) be any of its hftings w.r.t. the covering map exp : §o ~^ D*. Finally, define 
w{t) := R[((t),cot) for all t > 0, where Ut is introduced in the statement of Lemma SSI 
Then t w{t) G H is continuous and Bt{w{t)) = z{t) for all t > 0. 

Fix any s > and any t > s. Taking into account EF2, we have {(fs,t° Bs){w{s)) = z{t). 
Hence {ips,t ° Bs){w{s)) = Bt{w{t)). Note that according to Remark [4. 101 i?^ : EI — )• Kr(t) 
is a covering map. It follows that there exists a unique lifting F of ips,t o 5^ : HI — D* 
w.r.t. Bt which takes w{s) to w{t). Now put (^s,t '■= F. 

The above argument defines a family {^s,t)o<s<t C Hol(IHI, H). Equality (14. 5 p takes 
place by construction, while conditions EFl and EF2 for {^s,t) follow from conditions 
EFl and EF2 for ips,t and the uniqueness of the lifting. Now according to Theorem 13.91 it 
remains to find two points Wi,W2 G EI such that the functions t H- := $o,t('?^i) and 

t W2{t) := $o,t(w2) are of class AC^ and Wi(t) ^ wiif) for all t > 0. 

Put W\ := i?(C(0),a;o), '■= -R(C(0) + 27ri,(X'o). Then by construction, Wi(t) = w(t) for 
alH > 0. We claim that 

(4.6) W2it) = R{C{t) + 2Txi, uj{t)) for all t > 0. 

The above equality is obviously equivalent to stating that 0^(^(0) + 27ri) = ({t) + 2m, 
where 0^ = Q{-,Ut) o $g j o R^-^uq). Note that 0((C(O)) = ({t). Hence to prove (14.61) it is 
sufficient now to show that 

(4.7) (ptiC + 2m) = (ptiC) + 2m for all C G ^r{o) and all t > 0. 

Recall that for each s > and t > s, the function $s ^ was constructed to be a lifting of 
fs,t o -Bfi : EI — i- D* w.r.t. Bf. Therefore, for each t > 0, the function 0f is the lifting of 
(fo^t °exp|§^,^||j w.r.t. expls^j^j. It follows that for each fixed ( G Sr(o) the curve (pt 07, where 
7 : [0, 1] — )■ Sr(o); 6* ^-> C + 2m9, is a lifting of the curve 71 := yjo,* ° exp 07 w.r.t. exp| 
Consequently, taking into account that ipo^t ^ M(r(0), r(t)) , we get 

r dz 

0t(C + 27ri) -0t(C) = / — = 27ri/(7i) = 27rz/(expo7) = 27ri, 

where /(■) stands for the index of the origin w.r.t. a curve. 

Now it remains to show that t i-> wi{t) and t h-)> W2{t) are of class AC^. Recall that 
t I— ?► C(^) is a lifting of t ^-J■ ^90,4(^0)5 which is of class AC^. Hence t 1— )■ C,{t) is of class 
AC''' as well. Finally, by definition t 1— >■ a;^ is also of class AC''. Therefore Wiit) = w{t) = 



r(t) ■ 
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Ut) is locally absolutely continuous and the derivative 

belongs to Lf„,([0, +00), C), i.e. G y4C"*([0, +00), H) . By a similar argument, W2it) G 
y4C°'([0, +00), H). The proof is now complete. □ 

4.4. Proofs. 

Proof of Theorem 14.41 We have to show that {^Ps,t) satisfies EF3. To this end we take 
advantage of Lemma 14.91 stating existence of an L'^-evolution family ($s,t) in EI such 
that (14.51) holds. Below we use the notation introduced in the statement and proof of this 
lemma. 

Equality f l4.5p can be written in the following form: 

(4.8) exp o 0^ J = (fg^-i. o exp for any s > and any t > s, 

where cf)s,t stands for Q{-, Ut) o $s ^ o i?(-, ujs) : Sr(s) — ^ '^r{t)- Clearly it is sufficient to prove 
the following 

Claim 1 . For any closed interval I := [S,T] C [0, +00) and any compact set K C Sr(5) 
there exists a non-negative function kxj G M) such that 

(4.9) Us,t-<l)s,u\\K < [ kKjiOd^ 

J u 

for any s,u,t & I such that s <u <t. 

To prove the above claim we fix / := [S,T] C [0, +00) and a compact set K C 5^(5) and 
consider the set Ki := Usi=iR{K,Us)- Since R{(,Us) is jointly continuous in ( and s on 
§j.(s) X /, the set C EI is compact. Furthermore, it follows from Lemma [3.31 that K2 := 
Us<s<t<T^s,tiKi) is a compact set in H. Finally, the function Q{w,uj) is holomorphic in 
a neighborhood of K2 x [0, +00) and the function r H- w,- is continuous on I. Hence there 
exists a constant Ci = Ci{K2,I) > such that \\Q{-,Ut) — Q{-,ijJu)\\k2 ^ Ci\ut — w„| for 
any t,u E I. By the same reason there exists a constant C2 = C2{K2,I) > such that 
\\Q{-,Uu) o - Q{-,uju) o ^s,u\\ki < C2\\^s,t - ^s,u\\ki foT all ue I. 
Now we can estimate the left-hand side in (14. 9 p for any s,u,t ^ I , s < u < t, as follows: 



+ \\Qi-,UJu) O^.^t - Qi-,UJu) O ^s,u\\r. < Ci\uJt-UJu\ + C2\\^s,t - 



Thus our claim follows from assertion (ii) of Theorem 13.81 and from the fact that by 
Definition 14. t ^-^ Ur = uj{r(t)) is of class AC^. The proof is finished. □ 
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Proof of Proposition 14.51 By condition, {ips,t) is an evolution family of order d over 
a canonical L'^-system (-Dt). Hence, obviously, it satisfies the conditions of Theorem 14.41 
Therefore the statement of Claim 1 in the proof of Theorem 14.41 is true. Now Proposi- 
tion U]5] follows easily from (14. 8p . because the map z t— )■ expz contracts the Euclidian 
metric in for any r G [0, 1). □ 

Proof of Theorem 14. 6L Let us first construct an L'^-evolution family {'^s,t) satisfy- 
ing (14. 2p . Obviously, according to Lemma 14.71 the family {ips,t) fulfills the conditions of 
Theorem 14.41 Hence by Lemma 14. 9[ there exists an L'^-evolution family ($s,t) in H such 
that (14. 5 p holds for all s > and all t > s. Recall that for each r > 0, = exp oQ(-, ojr), 
where Q{-,UJr) maps HI conformally onto E>r(r)- Therefore, bearing in mind r(r) > for 
any r > 0, we have Br{w) = Wr{Q{w,ujr) / log r{T)) for all r > and all w E M. It 
follows, that the family (^^s,*), defined by 

^,,t := Pt o o p-\ s>0, t>s, 

where Pt{w) := ^^-^ for all w G EI and r > 0, 

log r(r) 

satisfies equality (14. 2p . It is also easy to see that s,t) fulfills conditions EFl and EF2. 
Hence, according to Proposition 13. 9[ to prove the existence statement of Theorem 14.61 
it remains to check that for any C,q E the function [0, +oo) 3 t ^ ^o,t(C) belongs to 
AC"^([0,+oo),C). 

Fix any T > and any C ^ Denote w := Pq^{Q. Since t i— )■ ^Q^tiw) is continuous, 
the set K := |$o,t('U^) '■ t G [0,T]} is compact. Hence there exists a positive constant 
C = C{C,T) > such that \Pt{w2) - < C{\w2 - Wi\ + \r{t) - r{u)\) for all 

Wi,W2 E K and all m, t G [0, T]. Therefore, 

1^0,^(0 - ^oAO\ < C{Ht) - r(n)| + \<^o,tM " '^oA^M)^ 

whenever u,t E [0,T]. The function [0,T] 3 t $o,t('U^) is of class AC^ by EF3, while 
[0,T] 3 t ^ r{t) is of class AC^ by definition. Together with the above inequality this 
means that [0, T] 3 t ^o,i(C) is also of class AC^, which completes the proof of the fact 
that (^I/s,t) is an L'^-evolution family in §. 

It remains to show the uniqueness of (^s.t). To this end we fix an arbitrary Co £ S and 
take Wq := VFo(Co) G ^^(o). Now denote w(t) := V3o,t(u^o) and ({t) := \E'o,t(Co) for all t >0. 
Then Wti^Ci^)) = '^{'t) for any t > 0. The mapping Wt is a covering map of S onto Ar(t)- 
Hence for any s > and any t > s, the function is the lifting of the mapping ips^t ° W^s 
w.r.t. Wt that takes ({s) to C(^)- It follows that the uniqueness of the family {'^s,t) is 
implied by the uniqueness of the continuous function [0, +oo) 3 t ^-^ ((t) G S such that 
C(0) = Co and Wt{C{t)) = w{t) for all t > 0. Such a function t ^ ({t) is unique because, 
according to the definition of Wt, the function t i— )■ C(^)logr(t) is a lifting of t t— )■ w{t) 
w.r.t. exp : §o — ^ With the value C(0) logr(O) being fixed, this completes the proof. □ 
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5. Evolution families and differential equations 

This section contains our main results. We will establish a one-to-one correspondence 
between evolution families over canonical domain systems and semicomplete weak holo- 
morphic vector fields, analogous to the correspondence between evolution families and 
Herglotz vector fields in the unit disk [10] and in complex hyperbolic manifolds [11]. 
Moreover, we will give a precise constructive description of semicomplete weak holomor- 
phic vector fields which appear in our setting for the non-degenerate case. At the end of 
the section we consider the degenerate case, which turns out to be reducible to the case 
of evolution families in the unit disk. 

Throughout this section we fix arbitrary d G [1, +oo] and some canonical domain sys- 
tem (A) := {K(t)) of order d. The set V := {{z,t) : t > 0, z e Dt} is a relatively open 
subset of C X i?, where E := [0,+oo). So we can apply results of Section El to deduce 
following 

Theorem 5.1. The following two assertions hold: 

(A) For any L'^- evolution family {fs,t) over the canonical domain system {Dt) there exists 
an essentially unique semicomplete weak holomorphic vector field G : P — t- C o/ 
order d and a null-set N C [0, +oo) such that for all s > the following statements 
hold: 

(i) the mapping [s, +oo) 3 t (ps,t ^ Ho\{Ds,C) is locally absolutely continuous; 

(ii) the mapping [s, +oo) 3 t \-> (ps^t G Ho\{Ds, C) is differentiable for all t G [s, -f oo) \ A^; 

(iii) difs^t/dt = G{-, t) o y^g^t for all t G [s, +oo) \ A^. 

(B) For any semicomplete weak holomorphic vector field G : P — )■ C of order d the formula 
(Ps,t{z) := w*{z,t), t > s > 0, z E Dg, where ■) is the unique non- extendable 
solution to the initial value problem 

(5.1) w = G{w,t), w{s) = z, 

defines an L'^- evolution family over the canonical domain system (Dt). 

In the situation of the above theorem we will say that G is the vector field corresponding 
to the evolution family {(ps,t)- The phrase essentially unique in this theorem means that 
for any two vector fields Gi and G2 corresponding to the same evolution family, Gi{-, t) = 
G2{-,t) for a.e. t > 0. 

Proof. Assertion (B) of the theorem follows readily from Proposition 12.61 According to 
Theorem 12. 10^ in order to prove (A), we only have to check that assertions (i)-(iv) 
of Proposition 12 . 6 1 hold for any L'^-evolution family {(ps,t) over {Dt). The first three of them 
hold by the very definition of an evolution family over a canonical domain system. To proof 
assertion (iv) of Proposition 12.61 we fix any compact set K gV and any T > maxpT^{K). 
Since K is compact, there exist finite sequences (S'j)"^^ C [0,T] and (Kj)^^-^ such that 
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Kj C is a compact set for each j = 1, . . . ,n and K C U"^^Kj x [S'j, T]. Apply now 
Proposition 14.51 with Kj and Ij := [SjjT] substituted for K and J, respectively. Further, 
extend the function kx^j^ by zero to [0, Sj) and define kj^ := J2]j=i ^K^jj ^ -^'^([0, 7"], K) • 
Then, for any {z, s) & K and any u, t G [s, T] with u < t, 



t 

T I 



Take any increasing sequence (T„) such that T„ > maxpT^lK) for all n G N and T„ — )■ +oo 
as n — > +00. Now we finish the proof of assertion (iv) of Proposition 12.61 by setting 

Finally, the fact that G is essentially unique follows from statement (iii) of the theorem 
with s := t. The proof is finished. □ 

5.1. Semicomplete weak holomorphic vector fields in non-degenerate case. In 

this section we are going to give a precise constructive description of semicomplete weak 
holomorphic vector fields in V := {{z,t) : t > 0, z G Dt} for the case when the canonical 
domain system (Dt) is non-degenerate, i. e., when r{t) > for all t > 0. 

In order to state the main result of the section we need some notation. First of all, for 
r > we denote by /C^ : — )■ C the so called Villat kernel^ which can be defined by the 
following formula (see, e.g., [20j or |4i §V.l]): 

5.2 lCr{z) := hm > — = + > — + '—- . 

u=—n u=l ^ ' 

The Villat kernel plays the same role for the Function Theory in the annulus as the 
Schwartz kernel 1Cq{z) := (1 + z)/(l — z) in the unit disk. Namely, for any function 
/ G Hol(A.r, C) which is continuous in A^, see e.g. j42[ Theorem 2.2.10], 



(5.3) f{z) 



I /C,(zr')Re/(0^+ / [/C.(re/z)-l]Re/(rO 



27r 



+ I I Im/(pe)^ for all z G A,, p G [r, 1]. 
Jt 27r 



Remark 5.2. Fix any r G (0,1) and p G (r, 1). It is known (see, e.g., [20] or [H §V.l]) 
that 

maxRe/C^(e*V) = ^rip) > 1, minRe/CJe^%) = JCJ-p) G (0, 1). 

em em 

Moreover, }Cr{x) is increasing on [—1, — r] and on [r, 1) with )Cr{±r) = 1 and /Cr(— 1) = 0. 
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Definition 5.3. Let r G (0, 1). By the class Vr we will mean the collection of all functions 
p G Hol(Aj., C) having the following integral representation 

(5.4) p{z)= [ JCr{z/Odpi{0+ [ [l-]CM/z)]dfi2{0, ^eA„ 

where /ii and fi2 are positive Borel measures on the unit circle T subject to the condi- 
tion /ii(T) +/i2(T) = 1. 

Remark 5.4. iFiom the proof of |15| Theorem 1] it is evident that given p G Vr, the 
measures /ii and /i2 in representation (15. 4p are unique. 

Let F G Hol(Ar, C) for some r G (0, 1). Denote by A/'(-F) the free term in the Laurent 
expansion of F, 

^fiF):= [ F(pO^, pe(r,l). 

Remark 5.5. Since J\f{)Cr) = l, we have M{p) = /Ui(T) > for any p G Vr- 

Now we can formulate the main result of this section. 

Theorem 5.6. Let d G [l,+oo] and let [Dt) = (^r(t)) a non- degenerate canonical 
domain system of order d. Then a function G : V ^ C, where T> := {{z,t) : t > 0, z ^ 
Dt}, is a semicomplete weak holomorphic vector field of order d if and only if there exist 
functions p : V ^ C and C : [0, +oo) — i- M such that: 

(i) G{w,t) = w[iC{t) + r'{t)p{w,t)/r{t)] for a.e.t>0 and all w G A; 

(ii) for each w E D := Ut>oDt the function p{w, ■) is measurable in := {t > : 
{w,t)eV}; 

(iii) for each t >0 the function p{- ,t) belongs to the class Vr(t); 

(iv) CeLt{[0,+oo),R). 

The following proposition forms a main block for the proof of sufficiency in Theorem 1 5. 6 [ 

Proposition 5.7. Let [Dt) = {Ar{t)) be a canonical domain system of order d G [l,+oo] 
and G a semicomplete weak holomorphic vector field in V := {{z,t) : t > 0, z E Dt} of 
the same order. Then, for a.e. t E E := {t > : r(t) > 0}, the function Gt := G{-,t) : 
Dt ^ C admits the following representation: 

(5.5) Gt{z) = z (^Vt{z) + , CteR, ptE 

Remark 5.8. Denote by p[r, fti, ^2] the function defined by representation (15. 4p and let /I 
stand for the push-forward of a Borel measure /i on T w.r.t. the map z z. Let r G (0, 1) 
and p G Vr- By definition, p = p[r,fii,fi2] for some positive Borel measures /ii and fj,2 
on T subject to the condition /ii(T) + /U2(T) = 1. It is easy to see that the function 
p{z) := 1 — p{r/z), z G A,., also belongs to Vr and p = p[r, /i2, /^i]- 
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Denote by C the Caratheodory class of all functions q G Hol(D, C) normalized by the 
condition g(0) = 1 and satisfying for all 2; G D the inequality Ileq{z) > 0. This class has 
many nice properties, one of which can be formulated as follows. 

Remark 5.9. The class C is a compact convex subset of Hol(D, C). Moreover, for any 
continuous convex functional L : C — M, 

maxL(o) = maxL(/Cn), where JCniz) := lCn{ze~^^). 

qee em 

Indeed, to prove the above statement one only has to apply the Krein - Milman theorem 
(see, e.g., [371 P- 181]) and take into account that the set of all extremal points of C 
coincides with {/Cq : G M} (see, e.g., [23]). 

Our proof of Proposition 15.71 takes advantage of the following lemmas. Recall the nota- 
tion § := {w : < Rew < 1}. 

Lemma 5.10. Let p G Hol(S, C). Suppose that Rep{w) > for all G S. Then for any 
a,b eR, a <b, 

(i) there exists Ci{a,b,p) > such that 



(5.7) L2{p,u) := / \lmp{u + iv)\dv<—C2{a,b,p)\og[u{l — u)], for all m G (0, 1). 



Proof. Fix any a, 6 G M, a > 6. Note that 

Li{p,u) =Rep{l/2)Li{po,u) and L2{p,u) < {b - a)\lmp{l/2)\ + Rep{l/2)L2{po,u) 

for any u G (0,1), where po{w) := [p{w) — i Imp(l/2))/ Rep(l/2) ii Rep{l/2) > and 
Po = 1 if Rep(l/2) = 0. 

Therefore, it is sufficient to prove the lemma only for functions p G Hol(§, C) satisfying 
Rep{w) > for all w G § and normalized by p(l/2) = 1. So, further on we suppose that 
p fulfills these conditions. 

Let F stand for the conformal mapping of the unit disk D onto the strip S normalized 
by F(0) = 1/2, iF'{0) > 0, namely 



Consider the function q := p o F . It belongs to the Caratheodory class C. For each fixed 
u G (0, 1) the functional q i-)- L^{q) := Li{q o F~'^,u) and q i-)- L^iq) := ^2(5 o F~^,u) 
are convex on the class C. Therefore, according to Remark 15.91 we can restrict ourselves 
to the case q = /Cq, ^ G M. In this case p = pe := K.Q o F~^. 



(5.6) 




for all u G (0, 1). 



(ii) there exists C2{a,b,p) > such that 




(5.8) 
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Let US fix e G (0,1/2). Since the functions u ^-^ Lj{p,u), j = 1,2, are continuous 
for u e (0, 1), it is sufficient to prove (i) and (ii) for all u G f/^ := (0, 1/2 — £:) U (1/2 + e, 1). 
Denote I{u) := F~^(^{w = u + iv : v E [a, 6]}). Tfie function F extends holomorphically 
to the closed unit disk minus {±1}. For any u E the preimage of the straight hne 
{m + if : f G M} under F is a circular arc joining points ±1, while the preimages of the 
segments [ia, 1 +ia] and [ib, 1 + ib] are the hyperbolic geodesies symmetric w.r.t. the real 
line. In particular, it follows that there exists A{a,b,e) > such that for any u G Us, 
\dF{z)\/\d argzl < A{a,b,e) when z moves along I{u). Hence, 

(5.9) Li{pg,u) < A{a,b,e) / RelCo{ze~^^) \daTgz\, 

Jl{u) 

(5.10) L2{p9,u) < A{a,b,6) I | Im/Co(^e"^^)| |c/argz| 

Jl{u) 

for all u eUe and all 6* G M. 

Using again properties of the function F, we conclude that there are positive constants 
Bi{a, b) and B2{a, b) not depending on u such that 

(5.11) pi{u) := 1 - Bi{a, b)u{l - m) < |^| < 1 - ^2(0, b)u{l - u) =: p2{u) 

for all u E Us and all z G I{u). 
Recall that 



Vo{p,a) :=Re/Co(pe* 



1 + p2 — 2p cos a 

Hence, according to (15. lip the integrand in the right-hand side of (15. 9p can be estimated 
as follows 

RelCoize-^') < Po(p2(«), -9 + argz) = Po(p2(«), -9 + arg;.) 

' 1- p2[u) B2{a,b) 

for all z G I{u). It follows that the integral itself is not greater than 



r ^0 (P2(«), -e + a) da = 2n 

Jo B2{a,b) 



B2{a,b\ 



This proves statement (i). 

Statement (ii) can be proved in a similar way if one notices that for each fixed a G 
the function p ^ \ Im/Co(pe*")| is non- decreasing on (0, 1) and that 



/ |Im/Co(pe*°)|rfa = 41og- ^ 
Jo 



P 

□ 
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Lemma 5.11. Let r G (0,1) and F G Hol(Ar,C). Suppose that there exist constants 
a > 0, Wq & E> \ {oo} and a function p G Hol(S, C) such that for all w E 

Rep{w) > and F(W{w)) = aw + p{w) sin — (u7o — w) sin — {wq + w), 

where W{w) := exp(wlogr). Then 



(5.12) F{z)=iC + a 



ICrizr')dfiiiO + / [l-JCMt)^/z)]dfi2iO 



z G 



for some constant C G M and positive Borel measures fii and fi2 on the unit circle T 
subject to the condition yUi(T) + /i2(T) = 1. 



Proof. Let us prove first that 



(5.13) 



/ I ReF(pO| \d^\ <M <+oo 



for all p G (r, 1) and some constant M > not depending on p. 

Since Re F{W{w)) =aRew + Ren{w) Rep{w) —Im k{w) Imp(ti?), we can estimate the 
integral in f l5.13p from above by the sum Ii{u) + hiu) + h^u), where 

Ii{u) := I a Re{u + iv) dv = auT , l2{u) := I \ReK{u + iv) Rep{u + iv)\dv, 
Jo Jo 



T 



Im k(u + iv) lmp{u + iv) I dv, 



where u := log p/ logr G (0, 1), T := 27r/| logr| and k{w) := sin |(wo — w) sin |(wo + '^)- 
Now we note that if Wq = Uq + ivo, then 



(5.14) 
(5.15) 



Re k(u + iv) 



cos ttuq + cos nu ch 7r(t>o — v) 



Im/t(-u + iv) = - sin TTM sh TT (f — v). 



In particular, Re k,{u + iv) is bounded for u G (0, 1) and v G [0, T], while for Im n we have 
(5.16) \lmK{u + iv)\ <2u{l-u)\sh7r{vo-v)\ < e''^'"~^''^u{l - u). 



Therefore, using Lemma IS.lOl we conclude that hiu) is a bounded function of m G (0, 1) 
and that J3(m) — )■ as m — )• 1 — and as m — )■ +0. This proves fl5.13p . Then the following 
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Villat-Stieltjes representation [351 Theorem 1] takes plac^: 

(5.17) F{z) = iC+ [ JCrizC') dviii) + / [iCrH/z) - 1] dz/2(0, z e Ar, 

where Uk, k = 1,2, are finite signed Borel measures on T with z^i(T) = 1^2 (T), and C G M. 

The proof of f l5.17p . given by Zmorovich in [35], is similar to the proof of the Herglotz 
representation theorem, which can be found in [18| §1.9]. Namely, for p G {r,l) and 
t G [0, 27t] we write 

The functions z/+ and u^, p G (0,1), are non-decreasing and, by (I5.13p . are uniformly 
bounded. Hence applying the Helly selection theorem (see, e.g., [TH p. 22]), we conclude 
that there is a sequence (p„) C {y/r, 1) converging to 1 and two signed measures uj, 
j = 1,2, on T such that dUp. ^{aig^) — du^. ^{aig^) — )■ duj^^) in the sense of weak-* 
convergence as n — )■ +00, where pi „ := p2,n := r/pn. It follows, in particular, that 
z/i(T) = 1^2 (T), because z/^(27r) — v~{2ti) does not depend on p according to the Cauchy 
integral theorem. To see that Vj satisfy f l5.17p . Zmorovich used the Villat formula (15. 3 p 
to represent the function F in the annulus An := {z : p2,n < l^;] < Pi,n} via the values 
of its real part on dA^- The weak-* convergence mentioned above means that for any 
continuous function ip on T, 

(5.18) [ipdu,= lim [ ipiOReF{p,,nOdm{0, J = 1,2, 

where m denotes the normalized standard Lebesgue measure on T, dm{^) = \dC,\/{2TT). 
Now consider the integral J{u) := (y9(e™^°^'") Rep(u + iv) He k{u + iv)dv, where 
: T — 7- [0, 1] is a continuous function. Taking into account (15. 6p . for each u G (0, 1) we 

have 

(5.19) Ci{0,T)Mi{u) < Mi{u) [ Rep{u + w)dv 

Jo 

< J{u) < 

M2{u) [ Rep{u + iv) dv < Ci(0, T)M2(m), 
Jo 

where Mi{u) := min{0. Re k{u + iv) : v ^ [0, T]} and M2{u) := max{0. Re k,{u + iv) : v ^ 
[0,T]}. 



*^The proof of the result we refer to seems to be published only in Russian; for the formulation of this 
result in English, see the Zentralblatt review of 45 , Zbl 0074.05701. Earlier Komatu [25 obtained the 
Villat-Stieltjes representation in a different form, involving the Weierstrafi zeta-function. Connection 
between these two forms can be seen using an expansion of the Weierstrafi zeta-function given, e.g., in [31 
Ch.IV§20]. 
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Since hiu), hiu) and Mi{u) tend to as m — )■ +0, we deduce from f lS.lSp with j := 1 
and fl5.19p that Jj, dvi > for any continuous : T — )■ [0, 1]. It follows that Ui > 0. 

Analogously, using f lS.lSp with j := 2, we prove that z/2 < am. Since z^i(T) = z^2(T), 
we can conclude that z^i(T) G [0,a]. Set /xi := i^i/a and fi2 '■= m — 1'2/a. Clearly, /ii 
and /i2 are positive Borel measures on T and /ii(T) + /i2(T) = 1. Now let us notice that 
the second integral in fl5.17p does not change in value if one adds to the measure 1^2 any 
constant multiple of m, because j^lCripC) dm{E,) = 1 for any p G (r, 1). With this remark 
one immediately obtains representation fl5.12p from fl5.17p . The proof is finished. □ 

Lemma 5.12. Let p G Hol(S, C) and Rep(w) > for all w G S. Then there exist finite 
non-negative limits 

A:= lim e-''''p{l/2 + iv), B := lim e^>(l/2 + 2T;). 

f— )■— 00 

Proof. For z in the upper half-plane M := {z : Imz > 0} write 

pi{z) := tp (^^^^ , p2{z) := pi{-l/z), 

where the branch of log is chosen by setting log 2 = 17^/2. Then the limits in the statement 
of lemma will take the following form 

A= lim B= lim MM. 

l/->+oo iy iy 

Notice that pi,p2 G Hol(H[, H) and apply the classical result about existence of the angular 
derivative at 00, see, e.g., Ch. IV Sect. 26]. □ 

Proof of Proposition [5771 For simplicity we assume that r(t) > for all t > 0. How- 
ever, the argument below can be easily adapted for the general case of a canonical domain 
system (Dt) of mixed type. 

By Theorem I5.1l -(iv) there exists an L'^-evolution family over (Dt) and a null set 
Ni C [0, +00) such that for every s > 0, 

^^mM = GtifsA^)) for all zeDs and all t G [s, +00) \ Ni. 

By Theorem 14.61 there exists an L'^-evolution family {'^s,t) in S such that ips,t ° Ws = 
Wt o "^g f for all s > and all t > s, where Wr{w) := exp(w logr(r)) for all r > and 
all w E S. Further by Theorem 13. 8[ there exists a null-set N2 C [0, +00) such that for 
every s > 0, 

'^^^^^ = Gti'^sAw)) for all w G § and all t G [s, +00) \ N2, 

where : S — )■ C is an infinitesimal generator for each t G [0, +00) \ A^2- Finally, the 
mapping t i-)- r(t) is of class AC^. Hence t h- )■ logr(t) is differentiable for all t > aside 
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some null-set N^. Thus setting in the above equalities z := Ws{w) and then letting s := t, 
we conclude that for all t e [0, +00) \ iV, where N := N1UN2U N3, and all w e E>, 

(5.20) Gt{Wt{w)) =Wt{w) 

Now to show that Gt is of form (15. Sp . we fix any t G [0, +00) \ and take advantage 
of Berkson - Porta representation for infinitesimal generators in the unit disk D. Namely, 
according to Remark 13.61 with F given by (15.81) . Gt{w) = F' (^F~^{w)^H(^F~^{w)^ for all 
w E El, where F~^{w) = itg [n{w — l/2)/2) and H{z) := (r — z){l — fz)p{z) for some 
point r G ro and some function p G Hol(D, C) satisfying Keplz) > for all 2; G D. Writing 
Wo '■= F^^{t), we finally get that either 

(5.21) Gt{w) = sm[7r{wQ + w)/2]sm[7!-{wo — w)/2]pt{w), WoGS\{oo}, 
if r G 1\ {±1}, or 

(5.22) Gt{w) = e^^™pt(w;) if r = ±1, 

where in both cases pt G Hol(S, C) and lie pt{w) > for all w G S. 

Assume first that equality (I5.2ip takes place. Applying Lemma 15.111 for r := r{t), 
F{z) := —Gt{z)/z, a := —r'{t)/r{t) and p{w) := —ptiw) logr(t) we obtain formula (15.51) . 
Thus the proof is finished in this case. 

Assume now that Gt is given by (I5.22p . Then, on the one hand, by Lemma [5.121 the 
function J{v) := Gt{w + 1/2), f G M, should have a finite purely imaginary limit for 
V — )■ +00 or for V — > —00. On the other hand, from (I5.20p it follows that J{v) can be 
written as a periodic function of v plus the linear term —ir'{t)v/ [r{t) log(t)). Therefore, 
r'{t) = and J{v) is an imaginary constant. It follows that Gt{z) = iCfZ for all z G Aj-^t) 
and some constant Ct G M. Note that p = belongs to Vr for any r G (0, 1). So setting 
Pt{w) = for all G -Di we again obtain formula (15. 5p . The proof is now complete. □ 

Now we are going to establish some lemmas which will be used to prove sufficiency 
in Theorem 15.61 In what follows in this section we assume that d G [l,+oo], (Dt) is a 
non-degenerate canonical domains system of order d, and V := {{z,t) : t >0, z E Dt}. 

Lemma 5.13. Let r G (0, 1). Suppose p E Vr is given by (15. 4p . Then for any z G A^, 

(5.23) \piz)\ < 

(5.24) -Rep{z) < 

Proof. Inequality 1 — r'^'^ > 1 — r, where k eN, and the Laurent expansion of /Cj. in A^, 
(5^25) /C.W = i±l + j:J!-5,(.'=-.-') = l + 2 5: 

fc=l k=l 



r'it) 

w^ + Gt{w) logr(t) 





z 




1 - 




z\ 



/ii(T) + 



(/C.(r/|^|)-l)/i2(T)< 



r 



+ 

\z\ — r ^ 
4r(l-p)/X2(T) 
(p — r)(l — r)2 ' 
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allows US to estimate |/Cr(2;)| and |1 — ICrij" / z)\, which together with (15 ■4p leads to f l5.23p . 

The inequality Ylep^z) > {l — K,r{r/\z\))iJL2{^) follows from (15 .4^ and Remark l5T2l Then, 
using again (15.251) . we obtain (I5.24p . □ 

Lemma 5.14. Let G : V ^ C Suppose that there exist functions p : V ^ C and 
C : [0, +oo) — )■ M such that conditions (i) - (iv) are fulfilled. Then G is a weak holomorphic 
vector field of order d in V. 

Proof. Conditions WHVFl and WHVF2 from Definition 12. II hold trivially. 

To prove WHVF3, fix any compact K G V. Then there exists 6 > and T > such 
that r{t) + 6 < \z\ < 1 — 6 and t < T for all {z, t) G K. Applying Lemma [5]T3l and taking 
into account that r(T) < r(t) < r(0) for all t G [0,T], from (I5.23P we deduce that 

\Giz,t)\ < \Cit)\ + (l + for all {z,t) G K. 

Thus appealing to condition (iv) and Definition 14.11 completes the proof. □ 

Proof of Theorem 15. 6t sufficiency. Suppose that there exist functions p : I? — > C and 
G : [0, +oo) — )• M such that conditions (i) - (iv) are fulfilled. Then by Lemma [5.14[ G is a 
weak holomorphic vector field of order d in V. It remains to prove that it is semicomplete. 
Assume on the contrary that there exists {z, s) G P such that the domain of definition 
J*(z, s) of the unique non-extendable solution w*{-,z) to the initial value problem (12. ip 
(see Theorem 12. Sp is bounded from above. Denote t* := sup J*(-2, s) and p{t) := \w*{t, z)\ 
for all t G [s,t*). Apply Lemma [5. 131 According to (i) and (I5.24p . 

(5.26) p'{t)=p{tf-^Rep{w:{t,z),t) < - ^\~/^^^\ for a.e. t G T). 

We claim that p{t) < p*{t) := 1 - (l - p(s)) expa(r(t) — r(s)) for all t G [s,t*), where 

a := 4(p(s) — r(s)) ^(l — r(s)) ^. Indeed, consider the function f{t) := p{t) —p*{t). This 
function is locally absolutely continuous in [s,t*). Since p*(t) > p{s) and r{t) < r(s) for 
all t G [s,r), from ^5M\f it follows that f'{t) < for a.e. t G [s,t*) such that f{t) > 0. 
Bearing in mind that /(s) = 0, we therefore conclude that p(t)—p*(t) < for all t G [s, t*). 

It follows that since t* < +oo, there exists 6i > such that p(t) = \w*{z,t)\ < 1 — 6i 
for all t G [s,t*). By Remark [578| p{z,t) := 1 — p{r{t)/z,t) belongs to Vr{t) for each t >0. 
Therefore, choosing p(t) := \r{t)/w*{z,t)\ in the above argument, one can conclude also 
that there exists ^2 > such that \w*{z, t) \ —r(t) > 62 for all t G [s, t*). The fact that these 
conclusions contradict Theorem 12.31 - (iii) . proves that the vector field G is semicomplete. 

Proof of Theorem 15. 6t necessity. Suppose that G is a semicomplete weak holomorphic 
vector field of order d. By Proposition 15.71 there exist functions p : I? — )■ C and G : 
[0, +00) — )■ M satisfying conditions (i) and (iii). It remains to prove (ii) and (iv). 

First of all, we notice that lmAf{pt) = for all t > because N{lCr(t)) = 1 (see 
Remark 15. 5p . Hence G{t) = (l/27r)Im J^G{p^,t)/{p^) \d^\, where we have fixed some 
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p G {r{fd), l). Since by definition z) is measurable for all z G Ar(o) and for each T > 
there exists a non-negative kx G L'^([0,T],R) such that \G{z,t)\ < krit) whenever 1^1 = p 
and t G [0,T], it follows with the help of the Lebesgue dominated convergence theorem 
that t ^ C{t) belongs to Lf^^{[0, +oo),R). This proves (iv). 

We are left with the proof of (ii). Fix any s > and any w & Dg. On one hand, by the 
construction we made in the proof of Proposition 15.71 p{w,t) = for a.e. t > s such that 
r'{t) = 0. On the other hand, t t— )■ p{w,t) is measurable in E^: := {t > s : r'{t) ^ 0}, 
because t h-)- r'{t)p{t)/r{t) = G{w,t)/w — iC{t) is measurable and t i— )■ r(t) is locally 
absolutely continuous in [0, +oo). Thus t i— )■ p{w,t) is measurable in [s, +oo). Statement 
(ii) follows now easily. □ 

5.2. Degenerate case. In this section we will show that if a canonical domain sys- 
tem {Dt) is degenerate, i.e. Dt := ©* := D \ {0} for all t > 0, then any evolution 
family {ips,t) over (Dt) can be extended to an evolution family in 3 with a common 
Denjoy - Wolff point at the origin. Namely, we prove the following 

Proposition 5.15 (compare [H Prop. (1.4.30)]). Let d G [l,+oo]. Suppose Dt := D* for 
all t > and let {(ps,t) be an L'^ -evolution family over {Dt). Then \miz^Qips^t{z) = for 
any s > and t > s and the formula 



(5.27) 



'■>s.t 



0, if z = 0, 



defines an L -evolution family in 



Proof. Fix any s > and any t > s. Since ips,t is bounded in D*, the origin is its removable 
singularity. By Lemma W77\ ips,t ^ M(0,0). Hence lim^^o V^s,t(2;) = 0. 

The fact that {(j)s,t) satisfies conditions EFl, EF2, and EF3 of Definition lS.ll follows from 
the corresponding conditions in Definition 14.31 except for EF3 with 2; = 0, which holds by 
the mere fact that 0s,t(O) = for all s > and all t > s. The proof is complete. □ 

The converse statement is obvious: if {4>s,t) is an L''- -evolution family in D and 
0s,i(O) = for all s > and all t > s, then {(Ps,t) '■= {4>s,t\o*) is an L'''- evolution 
family over [Dt) with Dt = D* for all t > 0. 

Taking into account Theorem 15 . 1 1 and the above Proposition 15. 15[ one can deduce from 
the results of [TU] a constructive characterization of semicomplete weak holomorphic vec- 
tor fields for the degenerate case. Indeed, on the one hand, [101 Theorem 1.1] establishes 
the 1-to-l correspondence between Herglotz vector fields and evolution families in D, while 
[Tot Theorem 4.8] characterizes Herglotz vector fields in terms of the Berkson- Porta rep- 
resentation, see Remarks 13.61 and 13.71 On the other hand. Theorem 15.11 establishes the 
analogous 1-to-l correspondence between evolution families and semicomplete weak holo- 
morphic vector fields in the doubly connected settings. Hence, in view of Proposition I5.15[ 
semicomplete weak holomorphic vector fields of order d G [1, +00] over the degenerate 
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canonical domain system are exactly the Herglotz vector fields, given by [ini Theorem 4.8] 
with r(t) = for a.e. t e [0, +oo). 

In this way we obtain the following analogue of Theorem 15.61 for the degenerate case. 
Let us recall that by C we denote the Caratheodory class of all functions p G Hol(ro, C) 
such that p{0) = 1 and R.ep{w) > for all w G ©. 

Proposition 5.16. Let {Dt) be a degenerate canonical domain system. Then G : V C, 
where V := {{z,t) : t >0, z E Dt} = 3* x [0, +cxd), is a semicomplete weak holomorphic 
vector field in V of order d G [1, +oo] if and only if there exist functions a : [0, +oo) — > 
[0, +oo), C : [0, +oo) — )■ R, and p : I? — > C satisfying the following conditions: 

(i) G{w,t) = w[iC{t) — a{t)p{w,t)~\ for a.e. t >0 and all w G Dt; 

(ii) for each w E D := Ut>oDt the function p{w, ■) is measurable in := {t > : 
{w,t)eV}; 

(iii) for each t > the function p{- ,t) belongs to the Caratheodory class C; 

(iv) C G Lf„^([0,+oo),M) anda G Lf„,([0,+oo),[0,+oo)). 



6. Examples 

Example 6.1. A set of trivial examples can be obtained by considering static non- 
degenerate canonical domain systems (Dt), i.e. canonical domain systems for which Df 
does not depend on t and does not coincide with the punctured disk D*, say Dt := for 
alH > and some constant r G (0, 1). 

In this case by Theorem 15. 6[ the semicomplete weak holomorphic vector fields of 
order d are exactly the functions of the form G{w,t) = iG{t)w, where G belongs to 
LfQ^([0, +oo), M). Hence, according to Theorem 15. H the L'^-evolution families {'^s,t) over 
static non-degenerate canonical domain systems are just families of rotations, ^Ps,t{z) = 
^^mt)-e{s)) ^ where 9 G AC'^([0, +oo), M). 

Example 6.2. According to the classical Denjoy- Wolff theorem, a self-mapping of the 
unit disk cannot have more than one fixed point unless it is the identity map. The infin- 
itesimal version of this statement implies that a Herglotz vector field G{z,t) in the unit 
disk (see Definition 13. 5p cannot have more than one zero for almost every t > such that 
G{-,t) does not vanish identically, see Remark [3^1 

For mappings of the class M(ri,r2) the situation is different. One can have any finite 
number of fixed points in A^. Now we show an example of an evolution family over an 
L°°-canonical system of annuli sharing an arbitrary finite number of fixed points. 

Let G N, ro G (0, 1) and G {tq, 1). Take r{t) := roe'* and denote R{t) := r{t)^, 
R ■= 

(6.1) a(t)- >^mmm.)-i 



Kfl(„(fi.) +/CH(„(fl(()/fl.) 
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According to Remark [221 C({t) is well-defined for all t > and satisfies < a{t) < 1. 
Consider the two positive measures on T, fii := a{t)fi, fi2 := (1 — a{t))fi, where 

j=0 

and 6g denotes the Dirac measure with atom at the point ^ = e*^. 

The corresponding function p = pt & Vr(t) given by representation (15. 4p is 

^ / N-l N-l 

p,{z) = - a{t) J2 ^rit) (e-^^-^/^z) + (1 - a{t)) [l - /C.(,) [e'^^/'' r{t) / z) 
\ J=0 i=o 

Define F{z,c) := (1 + cz)/{l — cz), c > 0. Decomposing F{{cz)^ ,1) into partial frac- 
tions, we get J2^So F{ze^'^^/^,c) = NF{z^,c^). It follows that Ef=o^ ^rf^e^^"^/^) = 
N K,^n{z^) for all r G (0, 1) and z E Kr. In particular, we have 

(6.2) pt{z) = ait)}Cnit) (^^) + (l - ait)) \l - K-R^t) {R{t)/z'') 



On the one hand, by (16. ip and (16. 2p . Pt{z.j) = for allt > and j = 0, 1, . . . , — 1, where 
Zj := r^^e^^'^^/^ . On the other hand, pt G Vr{t) for each t > and t i— )■ pt(-2;) is smooth in t, 
for each fixed z G ©*. 

By Theorem 15.61 it follows that G{z,t) := wpt{w) is an L°°-semicomplete weak holo- 
morphic vector field over {Dt) with G{zj,t) = for allj' = 0, 1, . . . , N — 1 and all t > 0. Ac- 
cording to Theorem 15. II this vector field generates an L°°-evolution family {(ps,t) over (Dt) 
such that ips^t{zj) = zj for all j = 0, 1, . . . , A^ — 1 and all s and t satisfying < s < t. 

Example 6.3. Let {{Dt), {(fs,t)) be a non-degenerate evolution family of order d G 
[l,+oo]. Define 'ps,t{z) '■= r{t)/(ps^t{i^{s)/ z) for all s > 0, all t > s and all z G Dg. 
Then it easy to deduce from Theorem 14.41 that (<^s,t) is also an L'^-evolution evolution 
family over (Dt). According to Theorem 15.61 the semicomplete weak holomorphic vector 
field G corresponding to {fs,t) is given by G{w,t) = w[iC(t) + r'(t)p{w,t)/r(t)] for a.e. 
t > and all w G Df, where the functions C and p are subjects to conditions (ii)-(iv) 
from this theorem. Then the vector field corresponding to the evolution family {'ps,t) is 
given by G{w,t) = w[—iC(t) + r'{r)p{w,t)/r(t)], where by Remark] 



p{w, t) := 1 — p{r(t)/w) = p[r(t),fi2y Mll""^) for allt > and all w E Dt 
and the families (At^)t>o and (Ai2)t>o are defined by p{-,t) = p[r(t), /i* , /ig] for all t >0. 

7. Comments on parametric representation of slit mappings 

Let < m < 1 < M < +oo and A := {C : m < \C\ < M}. Denote by V{A) the class 
of all univalent holomorphic functions / : A — )■ C* such that /(I) = 1 and for any closed 
curve 7 G A the index /(/ o 7) of the origin w.r.t. the curve / o 7 coincides with 1(7). 
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The following theorem, generalizing results of Komatu [21], Goluzin [20] and Li En 
Pir [33] on slit mappings of annuli, is due to Lebedev [32jl- 

Theorem 7.1 (Lebedev). The following statements hold: 

(A) Let f G U(y4). Suppose that df{A) consists of two disjoint open Jordan curves one 
of which extends to oo and the other ends at the origin. Then for any function 
A : [0, +oo) — 7- [0,1], continuous in [0, +oo) except for a finite number of jump 
discontinuities and subject to the condition °° A(t) dt = °° (l — \{t)^dt = +oo, 
there exist continuous functions : [0, +oo) T, j = 1, 2, such that 

/(C) = lim fiCt) for all Ce A, 
where f = /(C,^) is the solution to the following initial value problem 

(7.1) J = A(t)[/C,(t)(/€i(t)mi//) -/C,(i)(/€i(t)mi)] 

- (1 - A(t)) [/C,(i) {K2{t)-'r{t)f/mt) - Krit) [K^ityhit) Imt)] , f\t=^ = (, 
r{t) := e~^m/M , and t rrit is the solution to 

(7.2) ^ = -A(t) Re JCrit) (/«i(t)m<) 
mt 

- (l - A(t)) [l - Re/Cr(t)(K2(t)"V(t)/mi)], mt\t=o = m. 

(B) Given any functions A : [0, +oo) — )■ [0, 1] and kj : [0, +oo) -> T, j = 1, 2, continuous 
in [0, +oo) except for a finite number of jump discontinuities, the problem (17. ip - fl7.2p 
has a unique solution f{C,t) defined for all t > and all ( & A, with f{-,t) G U{A) 
for any t > 0. 

(C) Under the conditions of (B), f{-,t) converges in A as t ^ +oo to some function 

feV{A). 

In this section we would like to explain how the dynamics of system (17. ip - fl7.2p is 
connected to the evolution families we consider in this paper. 

First of all, take r(t) := e~*m/M and let Dt := A^^t) for all t > 0. Clearly, (Dt) is 
a non-degenerate canonical domain system of order d = oo. Since from (17. 2p it follows 
that {d/dt)logmt < lCr{t){j'{t) /mt) — 1 and {d/ dt)\og{r{t) /mt) < lCr(t){rnt) — 1 whenever 
solution t ^ mt to (17. 2p exists, we can conclude, arguing in the same way as in the proof 
of the sufficiency statement of Theorem 15.61 on page 15^ that for any measurable functions 
A : [0, +oo) — > [0, 1] and : [0, +oo) — )■ T, j = 1, 2, the initial value problem has a unique 
solution [0, +oo) 3 t ^ mt and that r{t) < mt < 1 for all t > 0. Now with the change of 



'Note that the paper ^5] is a short communication, so it does not contain any proofs. 
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variables z := C,IM, w := r(t)f /nit, the initial value problem fl7.ip is equivalent to 

w = G{w,t), w\t=o = z, where G{w,t) := w[iCit) — p{w,t)], 
C{t) := (1 - A(t)) lmlCrit){n2{ty'r{t)/mt) - A(t) Im/C,(t) (mi/€i(t)), 
■.= p[r{t), (1 - A(t))z/2, A(t)z/J] for alH > and all w e 

and z/j, j = 1, 2, if: > 0, stands for the Dirac measure on T with the atom at i^j{t). 

It is easy to see that functions C and p satisfy conditions (ii) - (iv) from Theorem 15.61 
with d = +00. Hence G is a semicomplete weak holomorphic vector fields of order +oo 
and fiCjt) = f^tVQ,t{CI ^) for all t > 0, where {^s,t) is the L°°-evolution family 
over (Ar(f)) generated by G in the sense of Theorem 15 . 1 1 - (iv) . Therefore we conclude that 
dynamics of system (17. ip - fl7.2p can be regarded as a very special case of dynamics of 
evolution families we consider in this paper and that statement (B) of Lebedev's theorem 
follows from our results. In particular, equation (15. ip with the vector field G admitting the 
representation given in Theorem 15.61 is a generalization of the Komatu equation [2U I2U] 
(known also as the Goluzin - Komatu equation) , since (17. ip - (17. 2p reduces to the latter 
equation when A = and m = 1. 
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